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Introduction

Perspectives on heavy nuclei
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The quest for heavy nuclei
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100Sn: studied in detail

Morris et al., Phys. Rev. Lett. 120, 152503 (2018)

138Xe: exploratory study

Arthuis et al., Phys. Rev. Lett. 125, 182501 (2020)
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• Converged calculations require very large single-particle model spaces

• Goal: solve quantum many-body problem over the entire nuclear chart (A ≫ 100)

<latexit sha1_base64="M7P4Jh+AIXF1kJVINNfwBSwIUCU="></latexit>
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H|�ni = En|�ni

The setting

• Three-body forces: introduction of additional cut on quantum numbers
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ep + eq + er  E3max
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e� + et + es  E3max

• Current capabilities are insufficient to reach convergence beyond A=100

sizeable dependence on E3max
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E3max in practice
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9.2 Closed-shell nuclei in the vicinity of A⇠ 100

The analysis of the model-space convergence of 78Ni in the last section already revealed that the model space
must be increased beyond eMax/E3Max = 14/18 to claim fully converged results. Nevertheless, we briefly want
to investigate the model-space convergence of 100,120Sn, shown in Fig. 9.7. We limit the discussion to harmonic-
oscillator frequencies ~h⌦ = (12� 20)MeV close to the minimum. For the 1.8/2.0 (EM) interaction, the agreement
with experiment is good in both N , Z ¶ 50 isotopes, but it is obvious that the model space must be increased well
beyond eMax/E3Max = 14/18 to check for convergence in E3Max. The results based on Hamiltonians with larger
resolution scales are clearly not converged in eMax or E3Max. The truncation artifacts due to the E3Max cut are visible
in the eMax/E3Max = 14/14 results for 120Sn. At eMax = 14 the additional cut in 3N matrix elements E3Max = 14
removes important contributions from the calculation. By increasing it to 16 or 18 the convergence pattern recurs
to a more regular behavior. This highlights the inevitability of careful convergence checks.

The range of HO frequencies used here is in the regime of ultraviolet extrapolations. However, recent studies have
focused on the two-body system [247], necessitating an extension to the many-body sector. Infrared extrapolations,
using larger values for the HO frequency, have been recently performed for coupled-cluster calculations [248]. It
would be interesting to extend this formalism to the E3Max cut to study possible extrapolations to quasi-exact results.
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Figure 9.7: Convergence of ground-state energies for 100Sn (top panels) and 120Sn (bottom panels) calculated with
the closed-shell IM-SRG. The legend is as in Fig. 9.1.

9.3 Open-shell isotopic chains

In this section, we move beyond closed-shell systems to explore ground- and excited-state systematics throughout
a selection of isotopic chains in the sd and p f shells, namely sodium, sulfur, calcium, manganese, and nickel. The
valence-space (VS) IM-SRG method used here was shown to agree with large-space methods to better than 1% for
ground-state energies [145].

We also calculate charge radii, less studied within the context of ab initio approaches [12, 37, 103, 136, 249],
with the VS-IM-SRG for the first time, where the proton mean-square radius operator of Eq. (8.2) is transformed
via the same unitary transformation as the Hamiltonian. This gives a valence-space radius operator to be used with
valence-space wave functions, after which the core point-proton radius and corrections of Eq. (8.3) are applied to
obtain the absolute charge radius. We note that induced two-body corrections to the radius operator are included
naturally in the VS-IM-SRG formalism.

100

<latexit sha1_base64="Pi+W6b6uUGhzpWsCzIEwfDgV2/Y="></latexit>
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(the best we can do!)

IMSRG(2) calculations in A=100/120 systems

J. Simonis, PhD thesis, TU Darmstadt (2017) 

emax/E3max:
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FIG. 1: (color online) Memory required to store the T -
coefficients (!), as well as the three-body matrix elements in the
antisymmetrized-Jacobi (!), JT -coupled ("), and m-scheme (#)
representation as function of the maximum three-body energy quan-
tum number E3max. All quantities are assumed to be single-precision
floating point numbers.
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with all M and MT quantum numbers determined by sums of
the single-particle m and mt quantum numbers, e.g., Mab =

ma +mb. This decoupling is trivial and requires only Clebsch-
Gordan coefficients. Therefore, the decoupling can be easily
and efficiently done on the fly during the many-body calcula-
tion.

F. Computational strategy

After discussing the formal steps for the calculation of the
three-body matrix elements entering NCSM-type many-body
calculations, we would like to address a few computational
aspects, since they are crucial for practical applications and
set the limits for present ab initio calculations.

The calculation of three-body matrix elements is a prime
example for the ’recompute versus store’ paradigm. In many
NCSM applications including chiral 3N interactions [8, 30,
42], the complete set of m-scheme matrix elements (16) was
computed and stored before the actual many-body calcula-
tion. As mentioned earlier, the sheer number of three-body m-
scheme matrix elements sets a severe limit to the model-space
sizes that are accessible with this approach. This is illustrated
in Fig. 1 which shows the memory needed to store m-scheme
matrix elements of the 3N interaction exploiting all basic sym-
metries as function of the maximum total energy quantum

number E3 max of the three-body states. For a NCSM calcu-
lation of a mid p-shell nucleus in Nmax = 8, corresponding to
E3 max = 11, about 33 GB are needed to store the necessary
3N matrix elements in single precision exploiting all symme-
tries [29]. Moreover, disk-I/O and memory access is nontriv-
ial for these huge sets. In order to extend the NCSM model
space to Nmax = 12 or even 14 for mid p-shell nuclei, we
have made a first step towards a ’recompute instead of store’
strategy in Ref. [33]. Instead of precomputing m-scheme ma-
trix elements, we only precompute and store the JT -coupled
matrix elements defined by Eq. (14). All the computationally
demanding steps of the transformation are still done in the
precompute phase. However, as illustrated in Fig. 1, the stor-
age needed for the JT -coupled matrix elements is reduced by
up to three orders of magnitude. For an Nmax = 8 p-shell cal-
culation only 0.4 GB of storage is needed for the three-body
matrix elements in single precision.

The price to pay for this gain is the on-the-fly decou-
pling (16) of the three-body matrix elements during the many-
body calculation. We have optimized the storage scheme for
the JT -coupled matrix elements to facilitate a fast and cache-
optimized on-the-fly decoupling: we store the values of the
matrix elements in a one-dimensional vector. The order and
position of the matrix elements is defined via a fixed loop-
order for all quantum numbers of the JT -coupled matrix ele-
ments. The six outer loops are defined by the quantum num-
bers ã, b̃, c̃, ã′, b̃′, c̃′ of the single-particle orbitals, where we
exploit antisymmetry and hermeticity. The six inner loops are
defined by the coupled quantum numbers Jab, J′

ab
, J and Tab,

T ′ab, T in this specific order. The three innermost isospin loops
run over all 5 possible combinations of the isospin quantum
numbers and can be unrolled manually. We do not exploit
antisymmetry constraints for matrix elements with identical
single-particle orbitals to keep a fixed stride for this inner seg-
ment. The angular-momentum loops use the triangular con-
straints defined through the single-particle quantum numbers.
To evaluate a specific m-scheme matrix element we jump to
the position in the vector defined by the orbital quantum num-
bers and then evaluate the decoupling loops as a linear sweep
over a contiguous segment of the storage vector. Thus, the de-
coupling operation is very simple and highly cache efficient.
This simplicity and its moderate memory footprint makes the
decoupling routine an excellent candidate for porting to ac-
celerator cards and first developments along these lines have
been successful already [53]. The standard implementation of
the JT -coupled scheme has already been adopted in various
many-body methods [18, 21, 22, 29, 34–36].

One could consider to push the boundary further towards
recompute in order to save even more memory. Presently we
compute and store the JT -coupled matrix elements via the
transformation (14) before the many-body calculation. The
T coefficients as well as the HOBs, 6 j and 9 j symbols that
enter Eq. (10) are cached for performance reasons. Both, the
storage of the resulting JT -coupled matrix elements and the
caching of the T coefficients requires similar and substantial
amounts of memory, as illustrated in Fig. 1. Therefore, an
on-the-fly evaluation of the transformation (14) using precom-
puted T coefficients will not reduce the storage needs as com-

Roth et al., PRC 90, 024325

M-scheme J-scheme JT-scheme Jacobi basis
Storage 

schemes

78N 208Pb?

Dimensionalities

(Hartree-Fock)



Low-rank properties 

of nuclear interactions
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Operator topologies

Momentum basis

(matrix/tensor)

momentum 

discretization

matrix elements
<latexit sha1_base64="Q64Vu1CfCivNradHXdo77UU6ITk="></latexit>

O(106)

<latexit sha1_base64="23QBn7thWZLhfSL8WmRGXkefXV8="></latexit>

O(109)
Single-particle basis


(matrix/tensor)

Talmi-Moshinsky

+


HO transformation

matrix elements

What is the origin of the complexity?

<latexit sha1_base64="6XlPhIpYEHEM9C5sS0y+qIR4B40="></latexit>

O(100)
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Concepts of data compression
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Complex object

Simpler object

loss of detailed

information …

… but lower

resources required
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Concepts of data compression
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Original picture

Example from 

image processing

30 %

(of initial size)

9 % 3 %

data compression algorithm

(singular value decomposition)

791 · 640 pixels
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Basics of tensor decomposition
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• Mode-N tensors are multi-variate data arrays depending on N indices
<latexit sha1_base64="Ip52II9BY4WjZPNJXqjqbf3Jl/s="></latexit>

T�1 ···�N

• Storage requirements depends on index ranges of individual indices
<latexit sha1_base64="ZMBJweOuBFVSwJqs47NxU9k+lFo=">AAACB3icbVDLSsNAFL2pr1pfVZduBovgqiQi6rLgxm6kgn1AG8NkMmmHTjJhZlIooR/gH7jVH3Anbv0M936I0zYL23rgwuGcezmX4yecKW3b31ZhbX1jc6u4XdrZ3ds/KB8etZRIJaFNIriQHR8ryllMm5ppTjuJpDjyOW37w9up3x5RqZiIH/U4oW6E+zELGcHaSE91z0E9EgitUN2798oVu2rPgFaJk5MK5Gh45Z9eIEga0VgTjpXqOnai3QxLzQink1IvVTTBZIj7tGtojCOq3Gz29QSdGSVAoZBmYo1m6t+LDEdKjSPfbEZYD9SyNxX/87qpDm/cjMVJqmlM5kFhypEWaFoBCpikRPOxIZhIZn5FZIAlJtoUtZgi6WhSMrU4yyWsktZF1bmq2g+XldplXlARTuAUzsGBa6jBHTSgCQQkvMArvFnP1rv1YX3OVwtWfnMMC7C+fgH595kW</latexit>

�1 · · · �N

• Tensor factorization: rewrite tensor as sum of products that is ‘close’ in some sense
<latexit sha1_base64="LXq1HlsNUkw1CP0Y6LSct9Ga4H8="></latexit>

T̃�1 ···�N ⇡ T�1 ···�N

• Relative approximation error typically accessed via Frobenius norm
<latexit sha1_base64="CGtaB2AlixiPpBI68ylrxR7Ckr4="></latexit>

�T =
kT̃ � Tk
kTk

<latexit sha1_base64="wWyTT21+weE54GXj2k4zV+um01A="></latexit>

kTk =
vut
X

�1 ···�N
T�1 ···�NT

?
�1 ···�N

• Important: tensor norms measure quality of non-observable object (e.g. potential)

What matters is performance 

on observables!
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Basics of tensor decomposition

• Tensor format: specification of its factors and contraction scheme

auxiliary index

factors

<latexit sha1_base64="BscJMkbT95b8MryApdZpoJ0UfYg="></latexit>

T̃�j =
RX

�
X��Y�j

rank

T =

i

j

i

j

⍺

Feynman-style notation

• Rank controls both complexity and accuracy of the decomposition

• There is a finite format-specific critical rank at beyond which no error occurs
<latexit sha1_base64="ErO4l3s0quOWxrwG6QH8EnqMG5A="></latexit>

�T = 0 �R � Rcrit

• In the limit of an infinite rank the tensor decomposition becomes exact
<latexit sha1_base64="j/dJ+7LijEi1CPWBl37MmXCAo40="></latexit>

T̃
R!�����! T
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Critical rank
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• Example: reconsider tensor format with index range: i,j = 1,…100
<latexit sha1_base64="BscJMkbT95b8MryApdZpoJ0UfYg="></latexit>

T̃�j =
RX

�
X��Y�j

• General alternative: count the degrees of freedom on both sides
<latexit sha1_base64="BscJMkbT95b8MryApdZpoJ0UfYg="></latexit>

T̃�j =
RX

�
X��Y�j

100 · 100

2 · 100 · R

• Again: the critical rank will be different if the tensor format is different!

<latexit sha1_base64="dt7SDnkzOx3vSYShHqTcxX/37tA="></latexit>

Y�j = ��j
<latexit sha1_base64="PqO97AbZl2qRkstBqzPf6Buj8uk="></latexit>

X�j = T�j• Make an educated guess for the decomposition factors:
<latexit sha1_base64="QfSLDgKvgpoy35437G8ChTvYCIM="></latexit>

T̃�j =
RX

�
T����j = T�j

<latexit sha1_base64="zOe2Xre/BcHYoDgcvBmd6Pz1tm8="></latexit>

Rcrit = 100
(upper bound)
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Reshaping operations

• Most tensors appearing in quantum many-body theory have mode greater than two

￼15

• It is often useful (and necessary) to interpret them as matrices (mode-2 tensors)

T T

<latexit sha1_base64="WB8WL0lFuFtgIzn2M3++DTFd9K0="></latexit>

Tpqrs
<latexit sha1_base64="NsQC2D/BU3UMmOVmooDVJXLPvtg="></latexit>

T�J

p

q

r

s

I J

• Reshaping imposes no approximation but is rather data rearrangement

• Very natural since computationally the data is a vector either way

TI

<latexit sha1_base64="iqTiJeFxpbDHlZEvCF1wjPwk4wk="></latexit>
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Overview of tensor formats
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The ‘spectrum’ of tensor formats

simple

aggressive

T

one-body line

two-body line

‘rank’ line

tSVD

truncated singular value decomposition
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Matrix decompositions
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• Prototype of a matrix factorization: singular value decomposition (SVD) 

• Versatility: can be applied to non-square and non-Hermitian matrices

• Practical advantage: fast algorithms implemented in any good library

• Truncated singular valued decomposition: keep only largest singular values

<latexit sha1_base64="A1uo9Xr6QKerDy0QJJVQLF9cbDU="></latexit>

M̃ = Ũ�̃ṼT with S̃ = diag(s1, ..., sRSVD ,0, ...,0)

left/right singular vectors

singular values (non-negative)

• Eckart-Young theorem: tSVD provides best rank-R approximation to matrix

<latexit sha1_base64="8Mp9u/Y+RHaG74XdE4HAB2HPiaY="></latexit>

M = U�VT with � = diag(s1, ..., sn)
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How to approximate SVD

￼18
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Why is SVD so natural?

￼19

• Size of singular values is a natural measure for importance of information

• Historically nuclear physicists extensively studied separable potentials

<latexit sha1_base64="X3tzAuwG/5flzRkYtqSrebccgsc="></latexit>

V(q0, q) = g · ƒ (q0) · ƒ (q)

• A rank-1 tSVD yields a separable representation of a potential …

• … and higher ranks in the decomposition correct for the non-separable character

• Standard reshaping operation respects Fermionic permutation symmetries
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Results on SVD

• Singular values are rapidly suppressed 
in standard ordering (‘1234’)

￼20
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‘1423'• For unnatural grouping (‘1423’) 
almost no compression 

• Strong dependence on coupled 
two-body angular momentum J
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Overview of tensor formats

￼21

The ‘spectrum’ of tensor formats

simple

aggressive

T

one-body line

two-body line

‘rank’ line

CPD

canonical polyadic decomposition
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Canonical polyadic decomposition

• More aggressive factorization that decouples all external indices

￼22

<latexit sha1_base64="mDcFdrfc3xbZZ/8cXJl3wurkONI="></latexit>

T̃k1k2k3k4 =
RCPDX

�
X1
k1�

X2
k2�

X3
k3�

X4
k4�

• CPD tensor format naturally extends to arbitrary higher modes …

• … but numerical computation is quite challenging for larger dimensions

<latexit sha1_base64="dK99TAq5REtytZMuztMXVbCmeoQ="></latexit>

O(Nd�1 · RCPD · niter)

critical rank
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Rcrit = Nd�1

• Example: two-body interaction (d=4) with target rank R=N2.5

<latexit sha1_base64="hr6QbYZhq6yNTxaDx5vY8KT1hag=">AAACJHicbVDLSgNBEJyNrxhfUY9eBoOQXMKuGPUY8OJJIxgVsjHMTjo6ZHZ2mekVw7Lf4F/4B171B7yJBy+e/BAnj4NGCxqKqm66u4JYCoOu++HkZmbn5hfyi4Wl5ZXVteL6xoWJEs2hySMZ6auAGZBCQRMFSriKNbAwkHAZ9I+G/uUdaCMidY6DGNohu1GiJzhDK3WKFT9keMuZTE+zMj25TmvVWkZ93o2Qqo6PcI+pQNBZpVMsuVV3BPqXeBNSIhM0OsUvvxvxJASFXDJjWp4bYztlGgWXkBX8xEDMeJ/dQMtSxUIw7XT0UkZ3rNKlvUjbUkhH6s+JlIXGDMLAdg4fMNPeUPzPayXYO2ynQsUJguLjRb1EUozoMB/aFRo4yoEljGthb6X8lmnGbQhTWzTcZQUbizcdwl9ysVv19qvu2V6pvj8JKE+2yDYpE48ckDo5Jg3SJJw8kCfyTF6cR+fVeXPex605ZzKzSX7B+fwGGSOk2Q==</latexit>

O(N5.5 · niter)

• Decomposition factors obtained from least-square minimisation of norm difference
<latexit sha1_base64="wlhDvHU2jlQMxXWN4QFi070i1+U="></latexit>

min
X1....,XN

kT̃ � Tk2
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Results on CPD

￼23

CPD decomposition of HO matrix elements
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• Rather slow convergence of error 
as function of CPD rank

<latexit sha1_base64="jiE+W7UUvJvH+Ug93Zb34Uoy9jM="></latexit>

hk̆1k̆2JT |VNN|k̆3k̆4JTi

• Non-monotonic error hints at 
numerical issues in minimisation

• When approaching the critical rank 
the error goes to zero

• Tensor format seems inappropriate 
since bra/ket treated on equal footing



A. Tichai — GDR workshop February 2021

Overview of tensor formats

￼24

The ‘spectrum’ of tensor formats

simple

aggressive

T

one-body line

two-body line

‘rank’ line

THC

tensor hypercontraction
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Tensor hypercontraction

• Decoupling of external indices only among bra and ket indices

￼25
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critical rank
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Rcrit = N2

• Practically obtained from a multi-step procedure involving CPD and tSVD

• Hybrid tensor format merging central ideas from tSVD and CPD

• Very successfully applied in various quantum chemistry applications
<latexit sha1_base64="jc/xQlcPKNvlW9xpCKCF2RHF6SU="></latexit>

RTHC = O(N)

core tensor

• Storage requirements scale quadratically with respect to tensor rank
<latexit sha1_base64="hvrdj/wa4saEr5tTp1CUWjPrD4c="></latexit>

4 ·N · RTHC + R2THC

Hohenstein, Parrish, Martinez, Schutski, Scuseria, …
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How to obtain the THC format

￼26

T

Reshaping
T

tSVD

Reshaping

CPD

one-body line

two-body line

CPD rank line

SVD rank line

SVD collapse

final THC format

implicitly depends 

on tSVD rank 



A. Tichai — GDR workshop February 2021

THC results

• Fast convergence for most channels

￼27
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hk̃1k̆2J|Hintr.|k̃3k̃4Ji

• Intermediate values of two-body 
angular moment converge slower

• Rapid decrease of decomposition 
error near critical rank

• Computationally cheaper than CPD

• Less good than in quantum chemistry

<latexit sha1_base64="1RGEpLokPrEFKc4OOHAL9w2MeUA="></latexit>

RTHC = O(N1.4�1.8)
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Perspectives on three-body operators

• Low-mode tensors are part of extensive investigations in applied mathematics

￼28

… but structured mode-6 tensors are exotic!

T

• Naive approach: application of truncated SVD in three-body space  

• Design of more aggressive factorizations is less straightforward

Idea: THC for mode-6 tensor
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Main theorem of tensor calculus

￼29

“Employ factorization techniques as early as possible 
in your workflow. Once your tensors are decomposed 
you should NEVER (!!!) reconstruct them!”



A. Tichai — GDR workshop February 2021

Factorization of matrix elements

￼30

Natural orbitals

(system dependent)

Hartree-Fock

(system dependent)

Harmonic oscillator

(system independent)

Momentum space

(system independent)

Talmi-Moshinsky +

HO transformation

isospin decoupling +

s.p. basis transformation

s.p. basis transformation

see talk on Tuesday!

currently factorization

applied here!
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Factorization of matrix elements

￼31

Natural orbitals

(system dependent)

Hartree-Fock

(system dependent)

Harmonic oscillator

(system independent)

Momentum space

(system independent)

Talmi-Moshinsky +

HO transformation

isospin decoupling +

s.p. basis transformation

s.p. basis transformation

see talk on Tuesday!

Future:

apply factorization here!
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Factorization of basis transformation

• Many-body theory requires extensive use of single-particle basis transformation

￼32
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• Core tensor remains unchanged since it only depends on auxiliary indices

• THC decomposition enables transforming factor matrices only (same for CPD)

<latexit sha1_base64="qjIQnuTMVMhDIDy6oA8Cap8Qp0s="></latexit>

Y �k1� =
X

��

C��k�X
�
���

<latexit sha1_base64="ab4gwKBQMlWFyQ7CsCGScfxfh2Y="></latexit>

TB0
k1k2k3k4

=
X

�1 �2 �3 �4

C�1k1C�2k2C�3k3C�4k4T
B
�1 �2 �3 �4

• Reduced computational complexity when operating on decomposition factors

<latexit sha1_base64="2RiBubzE7s9EY1YjV8Y1cJZdmnA="></latexit>

O(N5)
THC���! O(N2RTHC)



Tensor-structured

 many-body theory
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The general problem

￼34

Internal summation

(contraction)

External indices

Input tensor

(Hamiltonian)

Output tensor

(Cluster amplitudes)

Ab initio many-body theory is (to a large extent) 

the theory of efficiently processing tensor contractions!
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Why is many-body theory so hard?

￼35

Task: 

contract the red line

Problem: 

various blue lines

A contraction needs to be done

 for every combination of external indices!
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Why is many-body theory so hard?

￼36

Ultimately the many-body approach

is expressed in terms of one-body operators only!

Now with

tensor decomposition!

mode-6 CPD
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Why tensor decomposition?

￼37

• Decompositions enable for flexible contractions schemes for tensor networks

n3 operations nR2 operations

• Tensor contractions can be performed within different complexity class

<latexit sha1_base64="QwI2cJZXfnr0kNXRcbsa3zxXq7Y="></latexit>

Np �! Np0
<latexit sha1_base64="LiwjFRLBJ306zMXgD6hKXdM6GZk="></latexit>

p0 < p

• Example: tSVD of matrix with dimension N=100 and SVD rank R=20

<latexit sha1_base64="judb0NaW2c39QLGJASv/70hp9sE="></latexit>

N3 �! N2.3
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(R = N0.65)

• Problem: not all tensor contractions are simple matrix products!
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Energy denominators

• Analytical CPD factorization can be obtained via inverse Laplace transform

￼38

<latexit sha1_base64="8BeiOx0VRtNUZu/p/GLAOHqHLMQ="></latexit>

D�b�j =
1
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• Perturbation theory expressions naturally involve energy denominators

<latexit sha1_base64="1DR8E0PfttejMwGCMuDF5YMh4Yw="></latexit>

D�b�j =
Z �

0
e�t(��+�b�����j)dt

• Extension to higher-mode tensors can be done in the same way

• Integration with very high precision using constant (system-independent) mesh size

• Decomposition factors are obtained via numerical quadrature

<latexit sha1_base64="ANucs/IFZw+Yib+JmUp0j0oYYx8="></latexit>

D̃�b�j =
X

s
��s�bs�s��s�js Braess, Hackbusch, 


IMA J. Numer. Anal. 25, 685 (2005)
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THC-factorized MP2

• Simple MP2 tensor network replaced by more complicated factorized topology

￼39
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from the inverse Laplace transform of the energy denominators.

IV. GROUND-STATE ENERGIES

To benchmark the performance of tensor-decomposed
tensors in many-body calculations, second-order MBPT
calculations of closed-shell nuclei are performed as a sim-
ple testbed.

A. Second-order many-body perturbation theory

The central quantity of present interest is the second-
order (Rayleigh-Schrödinger) MBPT correction to the
ground-state energy obtained from the so-called Møller-
Plesset partitioning [44, 45]

E
(2) = ≠1

4
ÿ

abij

HabijHijab

‘a + ‘b ≠ ‘i ≠ ‘j
, (19)

where roman labels a, b and i, j denote particle and hole
states, i.e., single-particle states that are unoccupied and
occupied in the HF reference Slater determinant, respec-
tively. Furthermore, ‘k refers to HF single-particle ener-

gies. Equation (19) is the leading correction providing
the bulk part of dynamic correlation e�ects in closed-shell
nuclei when starting from SRG-evolved chiral Hamiltoni-
ans [7, 40].

Making use of angular-momentum coupling techniques,
Eq. (19) is rewritten under the working form

E
(2) = ≠1

4
ÿ

J

Ĵ
2

ÿ

ãb̃ı̃ä̃

H
J
ãb̃ı̃ä̃

H
J
ı̃ä̃ãb̃

‘ã + ‘b̃ ≠ ‘ı̃ ≠ ‘ä̃
, (20)

where x̂ ©
Ô

2x + 1 [46]. Working with a spherically-
restricted HF solution, single-particle energies are m-
independent, i.e., ‘p̃ = ‘p.

The computational complexity of a many-body frame-
work is related to the number of internal summations
required to evaluate the contractions between the tensors.
Second-order HF-MBPT involves two particle and two
hole summations, i.e.

E
(2) ≥ n

2
p n

2
h , (21)

where np and nh denotes the number of particle and hole
states, respectively. Without distinguishing them, second-

3 tensors

14 tensors

• Factorization leaves more freedom in optimising the contraction order

• General feature: many-body frameworks becomes more involved
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THC-MP2 results

• Improved accuracy of correlation energy for higher decomposition ranks
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FIG. 12. (Color online) Relative error �E
(2) of the tensor-decomposed second-order ground-state energy correction for 4He,

16O and 40Ca. Calculations are performed in an emax = 4 single-particle space with a chiral Hamiltonian expressed in the HF
basis and including the 3N interaction in the NO2B approximation. Left panel: the THC decomposition is performed using the
same rank in all J blocks. Right channel: the THC decomposition is performed using the same error in all J blocks.

for an accuracy of ‘ = 10≠1 according to Tab. I. This is
worse than the naive O(N4) scaling of the original second-
order correction. However, the aim of the present work is
not to derive a low-scaling approximation of an already
low-cost many-body method but rather to benchmark
the propagation of the decomposition error of many-body
tensors on nuclear observables (see Sec. IV D below). One
has to move to more expensive methods to begin with
to generate a reduction of the numerical scaling. In
this context, it was of example claimed that third-order
MBPT can be carried out in O(N4) instead of the usual
O(N6) when using a THC-decomposed electron repul-
sion tensor [2]12. This analysis is not presently carried
out since the J-coupled third-order formulas require an
angular-momentum recoupling of the particle-hole dia-
gram that is incompatible with the standard coupling
order of J-coupled matrix elements. This will require an
analysis of the THC ansatz for Pandya-transformed [48],
i.e. particle-hole-recoupled, matrix elements.

D. Results

To measure the impact of the tensor factorization, the
relative error on the second-order energy correction is
introduced

�E
(2) ©

--E(2)
THC ≠ E

(2)
--

--E(2)
-- , (29)

which goes to zero in the limit of an exact THC decom-
position. Because of the highly-accurate decomposition
of the analytically known tensor D in MBPT(2), the er-
ror presently propagates entirely from the approximation

12 In the cited paper there is no discussion on the scaling of the THC
rank as a function of single-particle basis size. We expect that
the authors assume a linear dependence rTHC ≥ N . Additionally,
it is to be noted that a di�erent approach was used to obtain the
THC factors involving density-fitting techniques.

made on the Hamiltonian tensor. Figure IV C displays
�E

(2) as a function of the THC decomposition error
for doubly closed-shell nuclei 4He, 16O and 40Ca. The
Hamiltonian tensor is the same as the one employed in
Secs. III C and III E.

The right panel of Fig. IV C displays �E
(2) as a func-

tion of the error ‘ on the Hamiltonian tensor introduced
in Sec. III E. A global trend is visible such that lower
values of ‘ yield lower �E

(2). However, this behaviour is
non-monotonic since a better global approximation of the
Hamiltonian might still lead to larger deviations on the
level of individual tensor entries, which might eventually
a�ect the value of �E

(2). One futher observes that 4He
displays 100% error all the way down to ‘ = 0.3 before
dropping abruptely to catch up with the smoother curves
obtained for 16O and 40Ca. This peculiar behavior relates
to the anomalously low correlation energy per particle in
this very light and tightly bound system [40]. Because
our focus is on mid- and heavy-mass nuclei, the particular
behavior observed for 4He is ignored when drawing gen-
eral conclusions below. Eventually, a THC approximation
error of ‘ ¥ 10≠1 is su�cient to obtain �E

(2) ¥ 10≠2

for the three nuclei under consideration. Therefore, even
though the matrix elements are only approximated to
an accuracy of 10≠1, the precision on the observable of
interest is one order of magnitude better. Even a quite
crude approximation on the matrix elements thus yields
an accuracy that is good enough to perform precision stud-
ies. Further decreasing the THC error to ‘ ¥ 5 ◊ 10≠2,
accuracies of up �E

(2) ¥ 10≠3 can be reached.
The left panel of Fig. IV C displays �E

(2) as a function
of the common rank rTHC defined in Sec. III E. While the
general behavior is similar to the right panel, the trend
is more monotonic. Eventually, a common THC rank
rTHC ¥ N

1.8 is su�cient to obtain �E
(2) ¥ 10≠2 for the

three nuclei under consideration.
In order to combine the informations provided in

Figs. 10 and IV C, the correlation between �E
(2) and RC

is displayed in Fig. IV D for both 16O and 40Ca. A clear
correlation is observed, thus confirming the expectation
that a compromise must be made between the needed

Error of MP2 as function of THC rank

• Monotonic behaviour sometimes broken and 4He involves jumps

~1% error on E0

(for soft interaction)

• Correlation error vanishes when approaching the critical THC rank of RTHC = N2

Tichai, Schutski, Scuseria, Duguet, PRC 99, 034320
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Compression rates

• General trend: higher precision corresponds to lower compression rates
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FIG. 13. (Color online) Relative error �E
(2) of the tensor-decomposed second-order ground-state energy correction against

data compression factor RC for 16O and 40Ca. Calculations are performed in an emax = 4 single-particle space with a chiral
Hamiltonian expressed in the HF basis and including the 3N interaction in the NO2B approximation. Full (empty) symbols are
obtained by setting the THC approximation of the Hamiltonian tensor through ‘ (rTHC). The grey area indicates the region of
sub-percent accuracy on the second-order ground-state correlation energy.

accuracy and the data compression that can be reached.
Furthermore, the correlation does not depend decisively
on the variable used to set the approximation on the
Hamiltonian tensor. Eventually, a sub-percent accuracy
is typically reached while reducing the input data by one
order of magnitude. While this number is presently ob-
tained in a small single-particle model space, we expect
the data compression achieved for a given accuracy on
the observable to increase significantly with emax.

V. DISCUSSION

We conclude with a last set of comments

1. Applications presented in this work are restricted
to angular-momentum-coupled matrix elements in
a symmetry-adapted single-particle basis. Recently,
it was shown that the use of a Bogoliubov reference
state breaking U(1) symmetry in Gorkov SCGF [13],
Bogoliubov CC [16] and Bogoliubov MBPT [21, 22]
is highly beneficial to account for static correla-
tion e�ects in open-shell superfluid nuclei while still
resorting to single-reference methods. While it is
of strong interest to extend tensor factorizations
to such frameworks it remains yet to be seen how
the Hamiltonian matrix elements expressed in the
symmetry-broken quasi-particle basis authorize e�-
cient low-rank decompositions. In particular, while
an e�cient THC was presently shown to heavily rely
on a natural grouping of indices, no such natural
grouping exists for matrix elements in the quasi-
particle basis. While the first tests in open-shell
oxygen isotopes do not reveal such issues [49], the
analysis needs to be performed systematically. This
work is under way.

2. Appendix A briefly discusses that the THC decom-
position of the HF matrix elements can be obtained
by either performing the THC decomposition on

the interaction tensor represented in the HF basis
or by convoluting the THC factors of the interac-
tion tensor generated in the HO basis with the HF
expansion coe�cients. Of course, the second option
is highly preferable given that it is universal, i.e.,
it relies on a system-independent factorization of
the Hamiltonian that can be performed once for
a chosen emax and from which nucleus-dependent
quantities can be obtained via a basis transforma-
tion whenever necessary. However, the two steps of
(i) decomposing the tensor and (ii) basis transforma-
tion are non-commutative in principle given that the
approximation on the Hamiltonian tensor can influ-
ence the results of the HF calculation. Therefore,
it is not guaranteed that the same decomposition
error is achieved in both cases. The comparison of
both approaches needs to be investigated whenever
the factorization of the mode-6 tensor associated to
the 3N interaction becomes possible.

3. Results obtained in this paper reveals higher THC
ranks for the nuclear Hamiltonian tensor than for
the electron repulsion tensor in quantum chemistry.
While not necessarily surprising given the di�er-
ent nature of the interactions under consideration,
the di�erence regarding the e�ciency of the tensor
decomposition is believed to be mainly driven by
the coupling scheme employed. While the electron-
electron repulsion tensor is stored in an ’m-scheme
analogue’, the nuclear interaction is processed in
J-coupled or JT -coupled schemes. This prepro-
cessing of symmetry properties lowers the (relative)
number of non-zero entries in the tensor, which
eventually leaves less redundancies to exploit in the
factorization. Correspondingly, it is of interest to
benchmark the THC decomposition on m-scheme
matrix elements in the near future. This will any-
way be necessary to employ tensor-decomposition
techniques in many-body methods allowing for the
breaking (and the restoration) of SU(2) symmetry

Correlation between MP2 error and compression rate

<latexit sha1_base64="4mLsWF3sHTgnx0OpK6am3h7DMiQ="></latexit>

RC =
full storage

compressed storage

‘physical’ accuracy

• Significant compression rates obtained in high-precision regime (ΔE < 1%)

Modelspace:

5 oscillator shells


140 basis functions

• Much larger compression rates expected in large model spaces
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Factorization vs. Selection

• Efficiency of IT and tensor factorization is very similar in schematic applications
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Fig. 10. Relative error ∆(∆Ω(2)
0 ) on the second-order BMBPT

ground-state correlation energy against data compression fac-
tor RC . Calculations are performed for 18O with initial tensors
built in an emax = 4 one-body HO basis. Results are displayed
for both THC and IT data compression techniques. In the lat-
ter case, both κ(0) or κ(1) are used as an important measure.
The grey area indicates the region of sub-percent accuracy on

∆(∆Ω(2)
0 ).

extended up to emax = 12, i.e. up to N = 1820 and
Ñ = 182. In order to appreciate the data compression
achieved for a given accuracy, fig. 11 displays the number
of entries of the J-coupled T2 tensor as a function of the
size of the one-body HO basis. This is done for the naive
and optimal storage schemes of the initial tensor as well as
for the IT tensor based on κ(1). The numbers displayed for
the initial tensor correspond to those given in table 1. As
for the IT tensor, results are provided for several values of
the relative error on the second-order BMBPT correlation
energy in 18O, ranging arbitrarily from 0.01% to 10%.

The first observation is that the naive and optimal
storage schemes both exhibit exponential growth, how-
ever, with different rates. The naive scheme grows much
more rapidly, finally requiring about three orders of mag-
nitude more storage than the optimal one in emax = 12.
The final storage requirement for the optimal scheme is
about 0.5Gb. While applying IT permitted to reduce
the number of entries by one order of magnitude in an
emax = 4 model space for a 1% error on the correlation
energy, the performance increases tremendously as a func-
tion of emax. For emax = 12, the data is compressed by
three orders of magnitude, six orders of magnitude com-
pared to the naive storage scheme, for the same 1% error
on the correlation energy. Even for a very accurate 0.01%
error, one still obtains a data compression by more than
two orders of magnitude.

In order to better characterize the effect of IT, fig. 12
compares the number of entries per J block before and
after IT. The IT results are displayed for κ(1)

min = 9 · 10−3

and κ(1)
min = 10−5, which correspond to 1% and 0.01% rel-

ative errors on the second-order energy correction, respec-
tively. While a significant compression is observed for all
J values, a clear trend emerges in average: the larger the
angular momentum associated to the entries, the lesser
their importance. While the initial entries extend up to
J = 2emax + 1 = 25, there remains no entry beyond
J = 8 in the very precise IT tensor corresponding to

Fig. 11. Number of entries of T2 in J-scheme as a function
of emax (index range Ñ): naive storage (yellow diamonds),
symmetry optimized storage (red squares) and storage after
IT truncation (blue circles) based on κ(1). For the latter, re-
sults are provided for several values of the relative error on
the second-order BMBPT correlation energy in 18O. For con-
venience, the 1 Mb and 1Gb storage limits in double precision
are indicated. The horizontal blue band characterizes the num-
ber of entries in the IT tensor for ∆(∆Ω(2)

0 ) ∈ [0.1, 1]% using
emax = 12. Intersecting it with the curve associated with the
optimal storage scheme of the original J-coupled T2 tensor, one
obtains the vertical red band defining an effective one-body ba-
sis size e′max ∈ [4, 5].

Fig. 12. (Color online) Distribution of entries of the J-coupled
double BCC amplitude T2 as a function of the two-body
angular-momentum J . Results in 18O are displayed before
(red) and after IT truncation employing two different values

of the important measure, i.e. κ(1)
min = 9 · 10−3 (orange) and

κ(1)
min = 10−5 (blue). Calculations are performed starting from

an emax = 12 model space.

κ(1)
min = 10−5. No entries beyond J = 6 are necessary to

reach a 1% error on the second-order energy correction.
In addition to the storage of T2, the CPU runtime is

the other critical component of a computational analysis.
While being computationally very simple, the evaluation
of the second-order energy correction in large model spaces

Comparison of IT and THC for BMBPT2 error

Modelspace:

5 oscillator shells


140 basis functions

‘physical’ accuracy

• Advantage of THC: pre-processing enables for lower-scaling many-body methods

• Advantage of IT: conceptually simpler since no (expensive) decomposition needed
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Tensor-structured coupled cluster theory

• Chemical accuracy in THC-RCCSD application with (almost) linear rank
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184113-9 Schutski et al. J. Chem. Phys. 147, 184113 (2017)

FIG. 2. Frobenius norm of error in decomposed two electron integrals.

the number of iterations allowed during decomposition of the
integrals to 500.

1. Decomposition of two-electron integrals

The accuracy of the THC decomposition of the two-
electron integrals governs the accuracy of the energy in subse-
quent calculations. Thus, we first wish to check the dependence
on the error in the decomposition of two-electron integrals on
THC rank. Figure 2 plots this error in a double logarithmic
scale for three small molecules. We note that the decomposi-
tion is computationally useful if the rank rRHC is close to the
number of basis functions N. As the figure shows, the error in
the two-electron integrals decays exponentially with respect to
the THC rank. We found that this trend holds for every system
tested and depends only slightly on whether the two-electron
integrals are decomposed in the atomic orbital or molecular
orbital basis.

To see how the decomposition affects subsequent ener-
gies, we checked the error in the second-order Møller-Plesset
(MP2) correlation energy, as shown in Fig. 3. The combina-
tion of MP2 and THC was first proposed by Hohenstein et al.3

and scales as O(N4). These authors used a version of THC
with the restriction that all factors W were the same, which
we did not impose in our work. The error in the MP2 corre-
lation energy follows the trend seen in the decomposition of
the two-electron integrals. Results within 0.1 mH of the exact

FIG. 3. Absolute error in the MP2 correlation energy.

FIG. 4. Absolute error in the RCCSD correlation energy.

MP2 correlation energy are already achieved with rTHC sN1.2

N1.4. We expect that the THC would work better for larger
and more extended systems as the two-electron integrals
become sparser, and a lower rank decomposition would corre-
spondingly become more accurate. Note that this is true even in
strongly correlated systems for which the atomic orbital basis
two-electron integrals remain sparse.

2. Restricted coupled cluster with singles and doubles

Finally, we demonstrate the behavior of the THC-
decomposed RCCSD method (THC-RCCSD), seen in Fig. 4.
We chose the rank of the THC decomposition of the ampli-
tudes and two-electron integrals to be the same. The error in
the RCCSD correlation energy has a non-monotonic depen-
dence on the THC rank but follows the same basic trends as
seen in Figs. 2 and 3. As with MP2, errors on the order of
0.1 mH are achieved with rTHC s N1.2 N1.4.

It is interesting to see what part of the error in energy can
be attributed to the approximation of the Hamiltonian, espe-
cially because building the decomposition of the Hamiltonian
contributed s95% of the total computational cost. For this
reason, we calculated the correlation energy with converged
THC-RCCSD amplitudes but exact two-electron integrals. As
Fig. 5 shows, using the exact two-electron integrals decreases
the error in energy, as one would expect, but does not remove its

FIG. 5. Absolute error in the RCCSD correlation energy with exact two-
electron integrals.

THC-RCCSD calculations

Schutski et al., 

J. Chem. Phys. 147, 184113 (2017)

chemical accuracy

• Generation of source code cannot be implemented manually anymore

> 10.000 equations!

(>500 pages of appendices)

• Non-monotonic dependence of error as function of decomposition rank
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Wrap-up

• Novel exciting tool to lower computational resources in many-body theory
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Tensor decompositions

• Tensor formats can easily adapt to various situations/symmetries

• First applications show promising performance in nuclear physics theory

Future work

• Implementation of large-scale codes to reach larger model spaces

• Adaption of many-body toolchain to factorized tensor representations 

• Development of new tensor formats specific to nuclear theory applications
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Further reading

• General introduction to tensor calculus
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• (Selected!) Applications in quantum chemistry

• Software:

SVD-CCSD: Kinoshita, Hino, Bartlett, J. Chem. Phys. 119, 7756 (2003)

SVD-CCSD-T1: Hino, Kinoshita, Bartlett, J. Chem. Phys. 121, 1206 (2004)

Rank-reduced CCSD: Parrish et al., J. Chem. Phys. 150, 164118 (2019)

Rank-reduced EOM-CCSD: Hohenstein et al., J. Chem. Phys. 151, 164121 (2019)

THC series: Hohenstein/Parrish/Martinez/Kokkila/Sherrill (2013-2017)

THC-CCSD: Schutski et al., J. Chem. Phys. 147, 184113 (2017)

Tensor review: Kolda, Bader, SIAM Rev., 51(3), 455–500.

Tensorlab 3.0 [Matlab]: Vervliet, Debals, Sorber, Van Barel, De Lathauwer, https://www.tensorlab.net/

• Applications in nuclear physics

CPD/THC & MP2: Tichai, Schutski, Scuseria, Duguet, Phys. Rev. C 99, 034320 (2019)

THC & BMBPT: Tichai, Ripoche, Duguet, Eur. Phys. Jour. A 55: 90 (2019)

THC: Parrish, Hohenstein, Schunck, Sherill, Martinez, Phys. Rev. Lett. 111, 132505 (2013)

DMRG in shell model: Papenbrock, Dean, J. Phys. G 31, 1377 (2005)

https://www.tensorlab.net/

