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Part I
Many-body Basics

Fundamentals of nuclear systems
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What is a nuclear system?
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Sketch of an atom

electron

nucleus

proton neutron

Physical parameters

‘Computational parameters’

number or protons: Z

number or neutrons: N

mass number: A = N + Z

nuclear interaction model

basis set/basis size

resolution scale

treatment of three-body forces

oscillator frequency
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The nuclear Hamiltonian
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• General nuclear A-body Hamiltonian written in second quantization

<latexit sha1_base64="IulIQV8XBs0ptJFA+/HJXg3hJHc="></latexit>
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(all matrix elements are anti-symmetric!)

• So far: Hamiltonian generic tensor w.r.t. generic labels p,q,r,s,…

• Key difference: Hamiltonian comes with sizeable associated uncertainty

QCD
(quantum chromodynamics)

data
(experiment)

Hamiltonian
(input for non-rel. Schrödinger eq.)

guidance
fitting of  

parameters

• Not to be confused with basis-size error due to finite model space!

FCI ≠ experiment
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Single-particle states
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• Single-particle states are labelled in terms of their quantum numbers

<latexit sha1_base64="PuJ/h/DuHbXkYA21EM0QS/a4V8k="></latexit>

|�i = |�spatiali ⌦ |�spini ⌦ |�isospini

• Isospin: proton and neutron are considered two projections of quantum state

<latexit sha1_base64="c+aXbH2/KgQiDuOjjivTQzXbPhE="></latexit>

|tmti = |1/2 ± 1/2i
<latexit sha1_base64="av/mxlMbvIlomzQC6rPI1HuJrpA="></latexit>mp ⇡mn

• Orbital angular momentum and spin are coupled to total angular momentum 
<latexit sha1_base64="FQ2I83eHfac9CCjajzSWBj8ITJo="></latexit>

j = � + s

(just another spin algebra!)

• More particle species contained in Standard Model (irrelevant at low energies)

u u

d

quarks

gluons

proton @ 938 MeV

u s

d

Λ hyperon @ 1115 MeV

strange quark
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Symmetries of nuclear matrix elements
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• Treatment/processing of symmetries of matrix elements crucial
<latexit sha1_base64="oW6w/fIpFlkZMbb8ObgIFBHKKnc="></latexit>�pqrs

• Parity conservation linked to discrete group Z2 

<latexit sha1_base64="/cQMCFE2rlOmT/VvB5m8SecYvAc="></latexit>

[H,�] = 0
<latexit sha1_base64="IF81Kfx8GeWDCEeU3oCsStqw+dc="></latexit>

�p + �q mod2 = �r + �s mod2

<latexit sha1_base64="wYpxQcUFlxxBoqtMZLyMUedCooE="></latexit>

[H, J2] = 0

• Rotational invariance linked to non-abelian SU(2) (more details in part 3)

<latexit sha1_base64="VTi6V8vXzJbIYkhB6GABes4vpZs="></latexit>mjp +mjq =mjr +mjs
<latexit sha1_base64="/13M0oGhupyHueroUsf9iFgsPeI="></latexit>

[H, Jz] = 0

• Angular-momentum projection conservation linked to abelian U(1) 

<latexit sha1_base64="2KEp+ef1luz3YdTi4ZGHvoz48Yg="></latexit>

[H,Tz] = 0
<latexit sha1_base64="WkJs2hhTJbTiW4kn34I6au/n+4M="></latexit>mtp +mtq =mtr +mts

• Isospin conservation: no conversion of protons/neutrons (only strong interaction!)
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Computational bases
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• Single-particle states typically given as eigenstates of one-body Hamiltonian

<latexit sha1_base64="5AtS4kOMz21H6J1dGhx9pKGXL0w="></latexit>

|ki = |nk �k jk mjk mtk i

<latexit sha1_base64="WOiBmTytbBUME7oqa2W/+CK8/qg="></latexit>

HsHO =
p2

2m
+
1

2
m�2r2

• Characterization via quantum numbers

• Model space defined in terms of 
maximum principal quantum number:

<latexit sha1_base64="vz13BkKPFS+hguPmm3M4MmI1UJY="></latexit>

e = 2n + �

orbitals

magic numbers

harmonic oscillator 
potential

2

8

20

…

• Introduction of computational parameter
e

2

1

0

oscillator frequency
(implicitly present in ALL calculations)
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Common basis sets

• Harmonic-oscillator basis 
- first essential step for computation of matrix elements 
- analytic separation of intrinsic and center-of-mass states 
- basis states do not depend on isospin (same for proton/neutron) 
- … but wrong asymptotic fall-off (Gaussian)

10

• Hartree-Fock basis 
- variational solution grasps typical size of atomic nucleus 
- correct exponential fall-off of single-particle wave functions 
- … but unoccupied states only fixed by normalisation constraint

• Natural-orbital basis (since 2018) 

- in practice obtained by diagonalization of perturbative one-body density 
- fast model-space convergence and low frequency dependence 
- optimization of unoccupied orbitals
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Basis sets in practice
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4He

Tichai, Müller, Vobig, Roth 
PRC 99, 034321 “Editors’ suggestion”

NCSM calculation using various single-particle bases

• Low frequency dependence/fast convergence for natural orbital calculations

• Natural orbital may enable working in much smaller single-particle bases

Natural orbitals for many-body expansions 
Hoppe, Tichai, Heinz, Hebeler, Schwenk, PRC 103, 014321 
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Basis sets in practice
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Tichai, Müller, Vobig, Roth 
PRC 99, 034321 “Editors’ suggestion”

NCSM calculation using various single-particle bases

• Low frequency dependence/fast convergence for natural orbital calculations

• Natural orbital may enable working in much smaller single-particle bases

Natural orbitals for many-body expansions 
Hoppe, Tichai, Heinz, Hebeler, Schwenk, PRC 103, 014321 

… but where do the matrix
elements come from?



Part II
Nuclear interaction

Representations and pre-processing tools
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The nuclear potential
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• Nuclear interaction consists of complicated operator structure

<latexit sha1_base64="M6VERmfcUGj5bWhgSTUaPzvwDRw="></latexit>

Vnucl. = Vcentral + Vspin-orbit + Vtensor + ...

Machleidt, Entem,  
Phys. Rept. 503 (2011) 1-75

<latexit sha1_base64="nOgw10d9/HQAbg8+iKs4IEqn/XM="></latexit>

� ~L · ~S

<latexit sha1_base64="OSD43usRtMEBQVenSCt+yD5Ft9w="></latexit>

3

~r2
(~�1 · ~r)(~�2 · ~r) � ~�1 · ~�2

• Example: simple central component from long-range pion exchange
<latexit sha1_base64="JEwkVGQEwKYLmjtrhzDs3fXJ/0E="></latexit>

VYukawa(r) =
e�mr

r

• Incorporate all operator structures consistent with symmetry principles
<latexit sha1_base64="lNwtLgLGKzB/a7+v4WUk8KiZr7A="></latexit>

{(~�1 · ~�2), (~�1 · ~�2), ...}

• Matrix elements in terms of momentum and angular-momentum eigenstates

<latexit sha1_base64="fIRB3upof4nDkDK5GMg4Hy9Vpko="></latexit>

hq0(L0S) J;TMT |VNN|q(LS) J;TMT i
(partial-wave decomposition)

angular momentum 
L not conserved!
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Matrix elements

15

16 Authors Suppressed Due to Excessive Length

3S1

3S1 � 3D1

Fig. 10.4 Repulsive core and tensor force of the Argonne V18 NN interaction [87] in the (S,T )= (1,0) channel.
In the left panel, the radial dependencies of the central (VC(r)) and tensor components (VT (r)) of Argonne V18
are shown, while the right panel shows its momentum space matrix elements in the deuteron partial waves.

10.2.4.2 SRG in the Two-Nucleon System

Let us now consider the operator flow of the NN interaction in the two-nucleon system,
Eq. (10.57). Since the nuclear Hamiltonian is invariant under translations and rotations, it
is most convenient to work in momentum and angular momentum eigenstates of the form

|q(LS)JMT MT i . (10.58)

Because of the rotational symmetry, the NN interaction conserves the total angular momen-
tum quantum number J, and it is easy to show that the total spin S of the nucleon pair is
a conserved quantity as well. The orbital angular momentum is indicated by the quantum
number L, and we remind our readers that L is not conserved, because the nuclear tensor
operator

Si j(r̂, r̂) =
3
r̂2 (ŝi · r̂)(ŝ j · r̂)� ŝi · ŝ j (10.59)

can couple states with DL = ±2. We assume that the interaction is charge-dependent in the
isospin channel T = 1, i.e., matrix elements will depend on the projection MT = �1,0,1, which
indicates the neutron-neutron, neutron-proton, and proton-proton components of the nuclear
Hamiltonian.

In Fig. 10.4 we show features of the central and tensor forces of the Argonne V18 (AV18)
interaction [87] in the (S,T ) = (1,0) channel, which has the quantum numbers of the deuteron.
This interaction belongs to a group of so-called realistic interactions that describe nucleon-
nucleon scattering data with high accuracy, but precede the modern chiral forces (see chapter
8, [6, 7]). AV18 is designed to be maximally local in order to be a suitable input for nuclear
Quantum Monte Carlo calculations [10,11,88]. Because of the required locality, AV18 has a
strong repulsive core in the central part of the interaction. Like all NN interactions, it also
has a strong tensor force that results from pion exchange. The radial dependencies of these
interaction components are shown in the left panel of Fig. 10.4.

10 In-Medium Similarity Renormalization Group Approach to the Nuclear Many-Body Problem 23
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Fig. 10.6 SRG evolution of the chiral N3LO nucleon-nucleon interaction by Entem and Machleidt, with initial
cutoff L = 500 MeV [7,98]. In the left column, we show the momentum-space matrix elements of the interaction
in the 3S1 partial wave for different values of the SRG resolution scale l . The top-most row shows the initial
interaction at s = 0 fm4 , i.e., “l = •”. In the right column, we show the S� and D�wave components of the
deuteron wave function that is obtained by solving the Schrödinger equation with the corresponding SRG-
evolved interaction.

As we lower the resolution scale, the “correlation hole” in the wave function is filled in, and all
but eliminated once we reach l = 2.0 fm�1. The D�wave admixture is reduced significantly,
as well, because the evolution suppresses the matrix elements in the 3S1 � 3D1 wave, which
are responsible for this mixing [23]. Focusing just on the S�wave, the wave function is ex-
tremely simple and matches what we would expect for two almost independent, uncorrelated
nucleons. The Pauli principle does not affect the coordinate-space part of the wave function

phenomenological potential
(Argonne AV18)

modern EFT potential
(chiral effective field theory, EM500)

3S1 3S1

• before 2000’s: ad hoc postulation of operator structure based on symmetries

high-precision potentials but 
uncertainty quantification complicated

• since 2000’s: emergence of operator structure from low-energy EFT expansion 

Hergert et al.,  arXiv: 1612.08315

S=1 
L=0 
L’=0 
J=1 
T=0 

MT=0
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Matrix element toolchain
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Momentum space
(system independent)

<latexit sha1_base64="fIRB3upof4nDkDK5GMg4Hy9Vpko="></latexit>

hq0(L0S) J;TMT |VNN|q(LS) J;TMT i
Format

<latexit sha1_base64="CGhiUbYYb0sO2fYWb+0HhKFQ1/s="></latexit>

|ki = |n�jtmji
<latexit sha1_base64="RzMNOLFAthOBrzPKPzsY2jr0Vlg="></latexit>

|k̃i = |n�jti
<latexit sha1_base64="2IjSLMhgChHsd92JOnTttFaRHHA="></latexit>

|k̆i = |n�ji

input to all 
 many-body calculations

VNN : < 2 GB

V3N :  20 - 100 GB

size of 3N matrix elements 
currently limiting factor

see talk on Friday!

Harmonic oscillator
(system independent)

<latexit sha1_base64="jiE+W7UUvJvH+Ug93Zb34Uoy9jM="></latexit>

hk̆1k̆2JT |VNN|k̆3k̆4JTi

Talmi-Moshinsky + 
HO transformation

Hartree-Fock
(system dependent)

isospin decoupling + 
s.p. basis transformation

Natural orbitals
(system dependent)

s.p. basis transformation

<latexit sha1_base64="s7ALxxCk+cM/cY3XFQsKBcV7dBs="></latexit>

hk̃1k̃2J|VNN|k̃3k̃4Ji
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Pre-processing
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strong short-range  
correlations in interaction

nuclear observable

<latexit sha1_base64="CjTyLI1MaiuW2hK+eBf2FbJNU14=">AAACQnicbVDLSgMxFM3UVx1fVZdugkVwIWVGpLoRCiJ0WcE+oFNKJr1tQzOZIckUytjv8GvciX6Dv+BO3IkLM20X9nEgcHLOvZzk+BFnSjvOh5VZW9/Y3Mpu2zu7e/sHucOjmgpjSaFKQx7Khk8UcCagqpnm0IgkkMDnUPcHd6lfH4JULBSPehRBKyA9wbqMEm2kds4tY+8C4yfsVRRrC+xJInoc7Fv7Pr2tsNq5vFNwJsDLxJ2RPJqh0s79eJ2QxgEITTlRquk6kW4lRGpGOYxtL1YQETogPWgaKkgAqpVMvjbGZ0bp4G4ozREaT9T/GwkJlBoFvpkMiO6rRS8VV3nNWHdvWgkTUaxB0GlQN+ZYhzjtCXeYBKr5yBBCJTNvxbRPJKHatDmX0oMwAC1HY3s+XMJwbMpyF6tZJrXLglssOA9X+VJxVlsWnaBTdI5cdI1KqIwqqIooekYv6A29W6/Wp/VlfU9HM9Zs5xjNwfr9A18frs0=</latexit>

H |�ni = En |�ni

'D
ir

ec
t 

ap
pr

oa
ch

’
• unbound mean field 

• MBPT divergent 

• slow model-space 
convergence

<latexit sha1_base64="u9qwGFXhFhUchU+ocnDQT1GRurE=">AAACMnicbVDJSgNBFOyJW4xb1KOX1iAIQphRiV6EgJecQoRskITQ03lJmvQsdL8JhmHOfo030W/Rm3j1Czw5WQ5ZLGiornqP6i7bl0KjaX4YibX1jc2t5HZqZ3dv/yB9eFTVXqA4VLgnPVW3mQYpXKigQAl1XwFzbAk1e/Aw9mtDUFp4bhlHPrQc1nNFV3CGsdROnxboPS3TS1ptNxGeMCwWo7nbdTFqpzNm1pyArhJrRjJkhlI7/dvseDxwwEUumdYNy/SxFTKFgkuIUs1Ag8/4gPWgEVOXOaBb4eQrET2PlQ7teio+LtKJOr8RMkfrkWPHkw7Dvl72xuJ/XiPA7l0rFK4fILh8GtQNJEWPjnuhHaGAoxzFhHEl4rdS3meKcYzbW0jpgecAqlGUWgxXMByXZS1Xs0qqV1krlzUfbzL53Ky2JDkhZ+SCWOSW5EmBlEiFcPJMXsgbeTdejU/jy/iejiaM2c4xWYDx8weL3qmO</latexit>

H = T + VNN + V3N

unitary transformation

<latexit sha1_base64="mUq9u2AUMDTNmkHREo4SmDd0rV4="></latexit>

H̃ |�̃ni = En |�̃ni
nuclear observable

<latexit sha1_base64="ejBcAP0HEaLDeOln0KVX5J/UEWU="></latexit>

H̃ = UHU†

• observables preserved  

• faster convergence 

• MBPT can converge
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Similarity renormalization group
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• Transformation induces decoupling of high- and low-momentum states via ODE

<latexit sha1_base64="hZP8m7RoPnAft5e+ar2qGRKluls="></latexit>

H(�) = U(�)HU†(�)

• Standard choice for anti-Hermitian dynamic generator of the flow

<latexit sha1_base64="HUNcnKtoKbUi5s6b9d0bcn+wyOY="></latexit>

�(�) = (2�)2[Tint, H(�)]

• Pre-diagonalization: vanishing generator gives fix point of the SRG flow equation

<latexit sha1_base64="w2PqmI73RsqdfDlhoYwUg1G5O1A="></latexit>

[Tint, H(�)] = 0

• Cluster expansion: SRG induces higher-body operators in Fock space

<latexit sha1_base64="bqdH9lCwYGLaLuZXYrXE60jea8E="></latexit>

H(�) = H(2B) + H(3B) + H(4B) + ... + H(NB)

Truncation required!

<latexit sha1_base64="OZqBOYGGf27vxOHZdetIXuAKpOM="></latexit>

d

d�
H(�) = [�(�), H(�)]
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Similarity renormalization group

• Rapid suppression of off-diagonal 
couplings in momentum space

19

10 In-Medium Similarity Renormalization Group Approach to the Nuclear Many-Body Problem 23
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Fig. 10.6 SRG evolution of the chiral N3LO nucleon-nucleon interaction by Entem and Machleidt, with initial
cutoff L = 500 MeV [7,98]. In the left column, we show the momentum-space matrix elements of the interaction
in the 3S1 partial wave for different values of the SRG resolution scale l . The top-most row shows the initial
interaction at s = 0 fm4 , i.e., “l = •”. In the right column, we show the S� and D�wave components of the
deuteron wave function that is obtained by solving the Schrödinger equation with the corresponding SRG-
evolved interaction.

As we lower the resolution scale, the “correlation hole” in the wave function is filled in, and all
but eliminated once we reach l = 2.0 fm�1. The D�wave admixture is reduced significantly,
as well, because the evolution suppresses the matrix elements in the 3S1 � 3D1 wave, which
are responsible for this mixing [23]. Focusing just on the S�wave, the wave function is ex-
tremely simple and matches what we would expect for two almost independent, uncorrelated
nucleons. The Pauli principle does not affect the coordinate-space part of the wave function

Hergert et al.,  
arXiv: 1612.08315

• Potential driven to band-diagonal form

3S1

• Unitary character preserves nuclear 
observables throughout flow

deuteron 
(Z=1, N=1, A=2)

Unitarity test 
Diagonalization of two-body system
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SRG in action
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FIG. 2: (color online) IT-NCSM ground-state energies for 12C and
16O as function of Nmax for the three types of Hamiltonians and a
range of flow parameters (for details see Fig. 1).

initial NN interaction are negligible in the α-range considered
here, indicating that the NN+3N-induced Hamiltonian is uni-
tarily equivalent to the initial NN Hamiltonian. The extrapo-
lated ground-state energies for different α are summarized in
Tab. I.
By including the initial chiral 3N interaction, i.e., by using

the NN+3N-full Hamiltonian, the ground-state energies are
lowered and are in good agreement with experiment for both,
4He and 6Li. As for the NN+3N-induced there is no sizable
α-dependence in the range considered here. We conclude that
induced 3N terms originating from the initial NN interaction
are important, but that induced 4N (and higher) terms are not
relevant for light p-shell nuclei, since the ground-state ener-
gies obtained with the NN+3N-induced and the NN+3N-full
Hamiltonian are practically α-independent.
This picture changes if we consider nuclei in the upper p-

shell. In Fig. 2 we show the first accurate ab initio calcula-

TABLE I: Summary of Nmax-extrapolated IT-NCSMground-state en-
ergies in MeV for !Ω = 20MeV (see text).

α [fm4] 4He 6Li 12C 16O
NN 0.05 -28.08(2) -31.5(2) -99.1(6) -161.0(2)
only 0.0625 -28.25(1) -31.8(1) -101.4(3) -164.9(6)

0.08 -28.38(1) -32.2(1) -103.7(2) -170.2(4)
NN+ 0.05 -25.33(1) -27.7(2) -76.9(2) -119.5(3)
3N-ind. 0.0625 -25.34(1) -27.6(2) -77.2(1) -119.7(6)

0.08 -25.34(1) -27.6(1) -77.4(2) -119.5(2)
NN+ 0.05 -28.45(3) -31.8(2) -96.1(4) -143.7(2)
3N-full 0.0625 -28.45(1) -31.8(1) -96.8(3) -145.6(2)

0.08 -28.46(1) -31.8(1) -97.6(1) -147.8(1)
exp. -28.30 -31.99 -92.16 -127.62
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FIG. 3: (color online) Nmax-extrapolated ground-state energies of 4He
and 16O as function of the flow parameter α for the NN-only (•), the
NN+3N-induced ( !), and the NN+3N-full Hamiltonian (").

tions for the ground states of 12C and 16O starting from chiral
NN+3N interactions. By combining the IT-NCSM with the
JT -coupled storage scheme for the 3N matrix elements we
are able to reach model spaces up to Nmax = 12 for the upper
p-shell at moderate computational cost. Previously, even the
most extensive NCSM calculations including full 3N interac-
tions were limited to Nmax = 8 in this regime [16]. As evident
from the Nmax-dependence of the ground-state energies, this
increase in Nmax is vital for obtaining precise extrapolations.
The general pattern for 12C and 16O is similar to the light

p-shell nuclei: The NN-only Hamiltonian exhibits a severe
α-dependence indicating sizable induced 3N contributions.
Their inclusion in the NN+3N-induced Hamiltonian leads to
ground-state energies that are practically independent of α,
confirming that induced 4N contributions are irrelevant when
starting from the NN interaction only. Therefore, the NN+3N-
induced results can be considered equivalent to a solution for
the initial NN interaction. The 16O binding energy per nucleon
of 7.48(4)MeV is in good agreement with a recent coupled-
cluster Λ-CCSD(T) result of 7.56MeV for the ‘bare’ chiral
NN interaction [17].
In contrast to light nuclei the ground-state energies of 12C

and 16O obtained with the NN+3N-full Hamiltonian do show
a significant α-dependence, as evident from Fig. 2(c) and (f).
The inclusion of the initial chiral 3N interaction does induce
4N contributions whose omission leads to the α-dependence.
A direct comparison of the α-dependence of the extrapo-

lated ground-state energies for 4He and 16O is presented in
Fig. 3. For both nuclei, the NN-only Hamiltonian exhibits
a sizable variation of the ground-state energies of about 25
MeV (0.7 MeV) for 16O (4He) in the range from α = 0.04 fm4
to 0.16 fm4. The inclusion of the induced 3N terms elimi-
nates this α-dependence. The inclusion of the initial 3N in-
teraction again generates an α-dependence of about 10 MeV
for 16O. Note that the induced 4N (and higher) contributions
that are needed to compensate the α-dependence for 16O reach
about half the size of the total 3N contribution in the SRG-
transformed Hamiltonian. This is evidence that the hierarchy
of the many-body forces in chiral EFT may not be preserved
by the SRG transformation.

NN NN+3Nind NN+3Nfull
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No-core shell model calculations using SRG-evolved interactions

16O



Part III
Symmetry adaption

Additional ingredients for nuclear many-body codes
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Scaling and symmetries
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• Scaling arguments only give a very crude estimate of the complexity 

“Coupled cluster is much more complicated than a mean-field calculation”

• This is only true if the same set of symmetries is employed in both calculations!
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Figure 1 | Ab initio computations for atomic nuclei. a, Diagrammatic illustration of nuclear forces based on chiral e!ective field theory22,23, with nucleons
being shown as full lines and exchanged pions as dashed lines. The left column corresponds to nucleon–nucleon (NN) interactions and the right column
shows three-nucleon (NNN) diagrams. Rows show contributions from diagrams of leading order (LO), next-to-leading order (NLO), and so on; progress
milestones are indicated. b, Trend of realistic ab initio calculations for the nuclear A-body problem. In the early decades, the progress was approximately
linear in the mass number A because the computing power, which increased exponentially according to Moore’s law, was applied to exponentially
expensive numerical algorithms. In recent years, however, new-generation algorithms, which exhibit polynomial scaling in A, have greatly increased the
reach. c, Ab initio predictions (this work) for charge densities in 40Ca (black line) and 48Ca (red line) compared to experiment27 (shaded area). Inset:
di!erence between the computed charge densities of 40Ca and 48Ca (blue line) compared to experiment (shaded area).

theory22,23 that are rooted in quantum chromodynamics, the theory
of the strong interaction. The quest for nuclear forces of high fidelity
has now reached a critical stage (Fig. 1a). In this study we use the
recently developed next-to-next-to-leading order chiral interaction
NNLOsat (ref. 24), which is constrained by radii and binding
energies of selected nuclei up to mass number A≈25. It provides a
basis for accurate ab initio modelling of light and medium-heavy
nuclei. Combined with a significant progress in algorithmic and
computational developments in recent years25, the numerical cost
of solving the ab initio nuclear many-body problem has changed
from exponential to polynomial in the number of nucleons A,
with coupled-cluster theory being one of the main drivers25. The
present work pushes the frontier of accurate nuclear ab initio theory
all the way to 48Ca (Fig. 1b). Our NNLOsat predictions for the
electric charge densities ρch in 40Ca and 48Ca are shown in Fig. 1c
(see Methods for details). The agreement of theoretical charge
densities with experiment26, especially in the surface region, is most
encouraging. The difference between the charge densities of 40Ca
and 48Ca (shown in the inset of Fig. 1c) is even better reproduced
by theory, as systematic errors at short distances cancel out. The
striking similarity of the measured charge radii of 40Ca and 48Ca,
3.478(2) fm and 3.477(2) fm, respectively, has been a long-standing
challenge for microscopic nuclear structure models. Our results
for the charge radii are 3.49(3) fm for 40Ca and 3.48(3) fm for
48Ca; these are the first ab initio calculations to successfully
reproduce this observable in both nuclei. The distribution of the
electric charge in a nucleus profoundly impacts the electric dipole
polarizability. To compute this quantity, we have extended the
formalism of ref. 27 to accommodate three-nucleon forces. To
validate our model, we computed the dipole polarizabilities of 16O
and 40Ca, for which experimental data exist28. We find an excellent
agreement with experiment for 16O, αD=0.57(1) fm3 compared to

αD,exp = 0.58(1) fm3. Our result for 40Ca, αD = 2.11(4) fm3, is only
slightly below the experimental value αD,exp=2.23(3) fm3.

We now turn to our main objective and present our predictions
for the root mean square (r.m.s.) point-neutron radius (that is, the
radius of the neutron distribution) Rn, r.m.s. point-proton radius
Rp, neutron skin Rskin=Rn −Rp, and electric dipole polarizability in
48Ca. Root mean square point radii are related to the experimentally
measured (weak-) charge radii by corrections that account for the
finite size of the nucleon (see Methods for details). To estimate
systematic uncertainties on computed observables, in addition to
NNLOsat, we consider a family of chiral interactions29. Similar to
NNLOsat, these interactions consist of soft nucleon–nucleon and
non-local three-nucleon forces. Their three-nucleon forces were ad-
justed to the binding energy of 3H and the charge radius of 4He only,
and—within EFT uncertainties—they yield a realistic saturation
point of nuclear matter29, and reproduce two-neutron separation
energies of calcium isotopes4 (see Supplementary Table 2). A main
difference between these interactions and NNLOsat is that they
have not been constrained by experimental data on heavier nuclei,
and they include next-to-next-to-next-to-leading order nucleon–
nucleon contributions.

Figure 2 shows the predicted values of Rskin, Rn and αD as
functions of Rp. In all three panels of Fig. 2, the blue line represents
a linear fit to our ab initio results obtained with the set of chiral
forces considered. The blue bands provide an estimate of systematic
uncertainties (see Methods). They encompass the error bars on
the computed data points and are symmetric around the linear fit
(blue line). The charge radius of 48Ca is known precisely, and the
horizontal green line marks the corresponding Rp. The intersection
between this line and the blue band provides a range for these
observables (shown as vertical orange bands) consistent with our
set of interactions. Our prediction for the neutron skin in 48Ca

NATURE PHYSICS | VOL 12 | FEBRUARY 2016 | www.nature.com/naturephysics
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• Symbolic integration of quantum numbers yields scalable codes

Ab initio reach in nuclear physics

adapted from 
Hagen et al., Nat. Phys. 12, 186–190 (2016)

CI, QMC PT, CC,  
SCGF, … 

symmetry-restricted 
wave-function techniques
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Rotational symmetry
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• SU(2) symmetry encodes rotational invariance of quantum objects

• Symmetry-restricted tensors: angular-momentum-coupled matrix elements
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• Definition of angular-momentum-coupled states from symmetry transformation 
<latexit sha1_base64="D+41XYjB8Ax5yzsUjgFocVidl1g="></latexit>

|k1i ⌦ |k2i
ƒSU(2)����! |k̃1k̃2(J)i ⌘

X

mk1mk2

Å
jk1 jk2 J
mk1 mk2 M

ã
|k1k2i

<latexit sha1_base64="JptUmCCe/Iu/qSLQeKgWAsI8mM4="></latexit>

|ki = |nk �kjktkmki = |k̃mki

‘Nuclear spin integration’

• SU(2)-irreducible tensor operators can be processed via Wigner-Eckart theorem
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Perturbation theory …
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pÑ

2
h Jmax

40Ca using 12 oscillator shells

1820 basis functions<latexit sha1_base64="AvBvAjFncK3KBHPkwL57OKSebnU="></latexit>

Nh = 40
<latexit sha1_base64="v+c7QkxY2tOyO6a8uxsXCCvZKTg="></latexit>

Np = 1780 182 spherical states
<latexit sha1_base64="1WBYFp3ddDalfEHE2dFf9XNtrJA="></latexit>

(k̃)

<latexit sha1_base64="GWghzmojNZKAbkagCti0/bkRJzg="></latexit>

(k)
<latexit sha1_base64="pyBmclq74aaaW4spRf5DaDowYyA="></latexit>
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Scaling advantage greatly improves at higher orders
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… and beyond
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• Angular-momentum coupling leverages use of non-perturbative frameworks
(Green’s functions, coupled cluster, IMSRG, …)

• Formal expression for coupled-cluster amplitude equations look like this …
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• Nuclear applications involve time-consuming symmetry adaption of equations
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• … but what is contained in large-scale codes looks like this!

Wigner 6j-symbols

multiplicity labels

reduced matrix elements 
(Wigner-Eckart theorem)
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Automated tools
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many-body expression 
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• Symbolic evaluation can be automated 
using graph-theory tools

• Integral step for advancing many-body 
theory to higher precision by relaxing 
the many-body truncation

• Saves practitioners months of work

50 pages of CC diagrams 
 in 2 seconds!

• Try it: python code freely available

pip3 install amc
Tichai, Wirth, Ripoche, Duguet, Eur. Phys. J. A (2020) 56: 272
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… but less symmetry can 
also be good!

talk by Benjamin


