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The Hamiltonian of a molecule composed of M nuclei and N electrons reads

Ĥ = −∑
i

h̵2

2me
∇2
i −∑
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2MI
∇2
I −∑

i,I
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∣Ri −Rj ∣

Born-Oppenheimer approximation (MI > 1000me), nuclei are treated as stationary and decoupled with
the dynamics of the electrons. In atomic units:

Ĥ = −∑
i

∇2
i

2
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∣ri −RI ∣
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∣ri − rj ∣

We want to solve the time-dependent non-relativistic Schrödinger equation,

Ĥ ∣Ψn⟩ = En ∣Ψn⟩
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Second quantization 4 / 18
In practice, one works with N basis functions {φp(xi)} (spin-orbitals) where xi is the spatial and spin
coordinate of the i-th electron, xi = (ri, si). We project the Hamiltonian onto this basis such that

Ĥ =∑
pq

hpqâ
†
pâq +

1
2 ∑pqrs

⟨pq∣sr⟩â†
pâ

†
qârâs

where

hpq = ∫ dxφ∗p(x)(−
∇2

2
−∑

I

ZI
∣r −RI ∣

)φq(x)

⟨pq∣sr⟩ =
x

dx1x2 φ
∗
p(x1)φ∗q(x2)

1
∣x1 − x2∣

φs(x1)φr(x2)

and the creation and annihilation operators fulfill the fermionic anticommutation rules,

{âp, â†
q} = âpâ†

q + â†
qâp = δpq, {âp, âq} = {â†

p, â
†
q} = 0.
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Slater determinants 5 / 18
A Slater determinant is a many-body wavefunction written as an antisymmetrized product of single electron
basis functions {φp(xi)},

Φ(x1⋯xNe) =
1√
Ne

RRRRRRRRRRRRRRRRRRRRRRRRRRR

φ1(x1) φ2(x1) ⋯ φN(x1)
φ1(x2) φ2(x2) ⋯ φN(x2)

⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

φ1(xNe) φ2(xNe) ⋯ φN(xNe)

RRRRRRRRRRRRRRRRRRRRRRRRRRR

≡ ∣fN , fN−1,⋯, f2, f1⟩ ≡ ∣f⟩ , fi ∈ {0,1}

The second quantized formalism consists in manipulating those occupation vectors (determinants) which
form a complete many-body basis of the problem Hilbert space, i.e.

∣Ψn⟩ =∑
f

cfn ∣f⟩

There are (N
Ne
) many Slater determinants !
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Electronic Structure Problem on QC
2nd Quantized Fermion Encodings



Jordan–Wigner encoding 6 / 18
Direct mapping between the occupation of an orbital and the state of the qubit:

∣ψqubit⟩ = α ∣0⟩ + β ∣1⟩ , ∣0⟩↔ empty, ∣1⟩↔ occupied

N -qubit register can generate a quantum state superposition of 2N > (N
Ne
) bitstrings:

∣Ψqubit⟩ =
2N−1
∑
q=0

cq ∣q⟩←→ ∣Ψn⟩ =
( N

Ne
)

∑
f

cfn ∣f⟩

where the integer value of q is associated to the bitstring corresponding to this integer.

Obviously, one can map ∣Ψn⟩ as a superposition of all the bitstrings that contains exactly Ne ones and
N −Ne zeros,

∣fN , fN−1,⋯, f2, f1⟩→ ∣qN , qN−1,⋯, q2, q1⟩ , qp = fp ∈ {0,1}
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Qubit mappings of the creation and annihilation operators:

â†
p = (

N

⊗
i=p+1

Ii)⊗Q†
p ⊗ (

p−1
⊗
i=1

Zi) , âp = (
N

⊗
i=p+1

Ii)⊗Qp ⊗ (
p−1
⊗
i=1

Zi)

where Q† = ∣1⟩ ⟨0∣ = X − iY
2

, Q = ∣0⟩ ⟨1∣ = X + iY
2

, and the string of Z operators enforces the exchange
anti-symmetry of fermions.

The string of Z operators means that it takes O(N) qubit operations to apply a fermionic operator.



Electronic Structure Problem on QC
Quantum Algorithms



Quantum Phase Estimation



Quantum Phase Estimation 8 / 18
▸ Phase estimation: Ejt of U = eiĤt with eiĤt ∣Ψj⟩ = eiEjt ∣Ψj⟩

▸ Two qubit registers: one encoding the state and the other composed of ancilla qubits

▸ Initial state: non-zero overlap with the eigenstates, ∣Φ⟩ = ∑j aj ∣Ψj⟩
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∣0⟩⊗n ⊗∑
j

aj ∣Ψj⟩
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1√
2
(∣0⟩ + ∣1⟩)⊗⋯⊗ 1√

2
(∣0⟩ + ∣1⟩)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n times

⊗∑
j

aj ∣Ψj⟩
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1√
2n
∑
j

aj(∣0⟩+eiEj2n−1t ∣1⟩)⊗(∣0⟩+eiEj2n−2t ∣1⟩)⊗⋯⊗(∣0⟩+eiEj2t ∣1⟩)⊗∣Ψj⟩ =
1√
2n
∑
j

aj
2n−1
∑
k=0

eiEjkt ∣Ψj⟩
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1√
2n
∑
j

aj
2n−1
∑
k=0

eiEjkt ∣Ψj⟩
QFT−1

ÐÐÐ→∑
j

aj ∣Ẽjt⟩ ∣Ψj⟩



Quantum Phase Estimation 8 / 18

One measures the value of the phase Ẽjt (as a binary fraction on the ancilla register), i.e. an approximation
of Ejt with n bits of accuracy, with probability ∣aj ∣2 = ∣⟨Φ∣Ψj⟩∣2. The system register collapses to the
eigenstate ∣Ψj⟩.



Single-ancilla Quantum Phase Estimation



Single-ancilla Quantum Phase Estimation 9 / 18

∑
j

aj ∣Ψj⟩⊗
1√
2
(∣0⟩ + eikEjt ∣1⟩)

Tomography gate MTÐÐÐÐÐÐÐÐÐÐÐ→ g(k) =∑
j

∣aj ∣2eikEjt

▸ Imprint multiple Ej as frequencies of an ancilla qubit (‘phase kickback’).
▸ Extract in postprocessing like identifying notes in a chord.
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Variational Quantum Eigensolver

Peruzzo et al., Nature Communication (2014)
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VQE Ansatz 11 / 18
There are mainly two types of ansatz, physically-inspired and hardware efficient.

Hardware efficient: RY ansatz (Kandala et al., Nature 2017)

Û(θ) =
M

∏
m=1

RY,m(θ0
m)

NL

∏
n=1

ÛENT
n (θn)

for a number of layers NL and a number of qubits M . The entanglement unitary blocks read

ÛENT
n (θn) =

M−1
∏
m=1

CNOTm(m+1)
M

∏
m=1

RY,m(θnm).

q0 : RY (θ0) • RY (θ3) • RY (θ6) • RY (θ9) • RY (θ12)

q1 : RY (θ1) • RY (θ4) • RY (θ7) • RY (θ10) • RY (θ13)

q2 : RY (θ2) RY (θ5) RY (θ8) RY (θ11) RY (θ14)
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Physically-inspired: Unitary Coupled Cluster ansatz

Û(θ) = eT̂−T̂
†
, T̂ = T̂1 + T̂2 +⋯, T̂1 =∑

pq

θpq â
†
pâq, T̂2 = ∑

pqrs

θpqrs â
†
pâ

†
qâsâr

Applying Jordan–Wigner (assuming q > p > s > r):

θpq (â†
pâq − h.c.) =

iθpq

2

p−1
⊗
k=q+1

Zk (YqXp −XqYp)

θpqrs (â†
pâ

†
qâsâr − h.c.) = iθ

pq
rs

8
s−1
⊗
k=r+1

Zk
q−1
⊗
l=p+1

Zl( XrXsYqXp + YrXsYqYp +XrYsYqYp +XrXsXqYp

− YrXsXqXp −XrYsXqXp − YrYsYqXp − YrYsXqYp)
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Circuit for the exponential of Pauli string 13 / 18
The exponential of sum of Pauli strings e∑j θj P̂j appears in many algorithms, but there is no trivial way
to implement it on quantum computers.

However, we know how to implement the exponential of a single Pauli string, so we can use (first-order)
Trotter–Suzuki approximation:

e∑j θj P̂j ≈∏
j

eθj P̂j
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VQE Ansatz 14 / 18

Ry (4 qubits, 4 layers, 19 parameters) O(N2)



VQE Ansatz 14 / 18
GUCCSD (4 qubits, 2 electrons, 9 parameters) O(N4)



Measuring the expectation value of a Hermitian operator 15 / 18

Measurements are usually supported in the computational basis {∣j⟩} (measurement of the observable Z).

Consider the expectation value of ⟨P̂ ⟩Ψ = ⟨Ψ∣ P̂ ∣Ψ⟩ =∑
j

λj ∣⟨Ψ∣Φj⟩∣2, with P̂ = ∑j λj ∣Φj⟩ ⟨Φj ∣.

Repeating measurement in the computational basis gives us access to {∣⟨Ψ∣j⟩∣2} !

The idea is to find the unitary which diagonalizes the Hermitian operator P̂ = Û †Λ̂Û with Λ̂ = diag(λ1,⋯, λn).
Since Λ̂ is diagonal, we have transformed the problem from one where we must perform a measurement
in an arbitrary basis, to one where we simply measure in the computational basis:

⟨Ψ∣ P̂ ∣Ψ⟩ = ⟨Ψ∣ Û †Λ̂Û ∣Ψ⟩ = ⟨Ψ̄∣ Λ̂ ∣Ψ̄⟩ =∑
j

λj ∣⟨Ψ̄∣j⟩∣2, where ∣Ψ̄⟩ = Û ∣Ψ⟩ .



Measuring the expectation value of a Hermitian operator 15 / 18

Measurements are usually supported in the computational basis {∣j⟩} (measurement of the observable Z).

Consider the expectation value of ⟨P̂ ⟩Ψ = ⟨Ψ∣ P̂ ∣Ψ⟩ =∑
j

λj ∣⟨Ψ∣Φj⟩∣2, with P̂ = ∑j λj ∣Φj⟩ ⟨Φj ∣.

Repeating measurement in the computational basis gives us access to {∣⟨Ψ∣j⟩∣2} !

The idea is to find the unitary which diagonalizes the Hermitian operator P̂ = Û †Λ̂Û with Λ̂ = diag(λ1,⋯, λn).
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⟨Ψ∣ P̂ ∣Ψ⟩ = ⟨Ψ∣ Û †Λ̂Û ∣Ψ⟩ = ⟨Ψ̄∣ Λ̂ ∣Ψ̄⟩ =∑
j

λj ∣⟨Ψ̄∣j⟩∣2, where ∣Ψ̄⟩ = Û ∣Ψ⟩ .



Measuring the energy 16 / 18
Remember that

Ĥ =∑
pq

hpqâ
†
pâq +

1
2 ∑pqrs

⟨pq∣sr⟩â†
pâ

†
qârâs =∑

j

hjP̂j , with P̂j ∈ {I,X,Y,Z}⊗N

The ground-state energy is determined by solving the Schrödinger equation Ĥ ∣Ψ0⟩ = E0 ∣Ψ0⟩, or equiva-
lently:

E0 = ⟨Ψ0∣ Ĥ ∣Ψ0⟩ = ∑
pq

hpq⟨Ψ0∣ â†
pâq ∣Ψ0⟩

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
1-RDM elements

+ 1
2 ∑pqrs

⟨pq∣sr⟩⟨Ψ0∣ â†
pâ

†
qârâs ∣Ψ0⟩

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
2-RDM elements

= ∑
j

hj⟨Ψ0∣ P̂j ∣Ψ0⟩

Hence, within VQE we measure the 1- and 2-RDM elements that are then multiplied by the electronic
integrals to estimate the ground-state energy of the system.
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Ĥ =∑
pq

hpqâ
†
pâq +

1
2 ∑pqrs

⟨pq∣sr⟩â†
pâ

†
qârâs =∑

j

hjP̂j , with P̂j ∈ {I,X,Y,Z}⊗N

The ground-state energy is determined by solving the Schrödinger equation Ĥ ∣Ψ0⟩ = E0 ∣Ψ0⟩, or equiva-
lently:

E0 = ⟨Ψ0∣ Ĥ ∣Ψ0⟩ = ∑
pq

hpq⟨Ψ0∣ â†
pâq ∣Ψ0⟩

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
1-RDM elements

+ 1
2 ∑pqrs

⟨pq∣sr⟩⟨Ψ0∣ â†
pâ

†
qârâs ∣Ψ0⟩

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
2-RDM elements

= ∑
j

hj⟨Ψ0∣ P̂j ∣Ψ0⟩

Hence, within VQE we measure the 1- and 2-RDM elements that are then multiplied by the electronic
integrals to estimate the ground-state energy of the system.
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QUIZZ

http://www.quizzoodle.com/session/73fe8a3594ec47d3b8ed816c3c9ec43b
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