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Diatomic3Molecule3

23

1 2 Ψ = c1 1 + c2 2
Wave3func?on3

i j = δ ij

Basis3

Schrödinger3Equa?on33

Ĥ Ψ = E Ψ

Ĥ j
j=1

2

∑ = E j
j=1

2

∑

p Ĥ j
j=1

2

∑ = E

Tight3binding3approxima?on3

p Ĥ p =α on site energy

1 Ĥ 2 = β < 0 hopping integral

αc1 + βc2 = Ec1
βc1 +αc2 = Ec2

Eb =α + β
Ea =α − β

E3



Infinite3chainJ>infinite3ring3
Linear3chain3of3N3Hydrogen3atoms3

Note3that3NOT3all3atoms3are3equivalent.3But3if3NJ>∞3there3are3not3edge3atoms3and3all33
of3them33should3be3equivalent:3this3define3Periodic(Boundary(Condi/ons((
(Born–von3Karman)(

33
Su"on,3Adrian3P.3Electronic*structure*of*
materials.3Clarendon3Press,31993. 33



Infinite3ring3

Each3H3atom3is3associate3with3an3“s”3state.3Assume3that3set3of3
these3states3are3orthonormal3and3form3a3complete*basis*set.3

Ψ = cj j
j=1

N

∑ , p j = δ pj

Goal:3to3find3the3Cj3that3solve3the3Schrödinger3equa?on3

Ĥ Ψ = E Ψ

cj
j=1

N

∑ Ĥ j = E cj
j=1

N

∑ j , oparate with the bra p

cj
j=1

N

∑ p Ĥ j = E cj p j
j=1

N

∑
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β3 β3

Infinite3ring3
cj

j=1

N

∑ p Ĥ j = E cj p j
j=1

N

∑ = Ecj ∗( )

Tight(binding(approxima/on:3neglect3electronJelectron3repulsion3
and3parameterize3the3matrix3elements3of3the3Hamiltonian.3

p Ĥ p =α on site energy

p Ĥ p ±1 = β < 0 hopping integral

 

c1α + cNβ + c2β = Ec1 p = 1( )
c1β + c2α + c3β = Ec2 p = 2( )
!

cj−1β + cjα + cj+1β = Ecj p = j( )
!

cN−1β + cNα + c1β = EcN p = N( )

Do3not3try3to3solve3
the3secular3equa?on3
because3NJ>∞3

∗( )
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Infinite3ring3
solve:
cj−1β + cjα + cj+1β = Ecj
cj−1 − xcj + cj+1 = 0, x = E−α

β

with the boundary conditions:
cN+1 = c1

a good guess for the solution is:  cj = e
ijka, i = −1

β3 β3

a(

ei N+1( )ka = ei 1( )ka

kNa = 2πm

k = 2πm
Na

, m = 0,1,2,...,N −1
cj
m = 1

N
exp i 2π jm

N
⎛
⎝⎜

⎞
⎠⎟ =

1
N
exp ikm ja( )
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β3 β3

a(

Infinite3ring:3Summary3

Ψk = 1
N

e ikja( ) j
j=1

N

∑

Ek =α + 2β cos ka( ) =α + 2β cos 2πm
N

⎛
⎝⎜

⎞
⎠⎟

Band!3

73



β3 β3

a(

Infinite3ring:3Summary3

Ψk = 1
N

e ikja( ) j
j=1

N

∑
Ek =α + 2β cos ka( )

− π
a
< k m

N
< π
a
, lim

N→∞

m
N

= 1

83



First3Brillouin3Zone:kJspace3

− π
a
< k m

N
< π
a

•  For3finite3N3the3reciprocal3space3is3discrete.3k3has3to3be3a3mul?ple3of32π/Na3
•  The3numbers3of3states3that3fit3in3a3unit3distance3of3kJspace3is3Na/2π3
•  Density3of3states3in3the3kJspace3is3

DOS k( ) = Na
2π

= L
2π

93



What3states3are3occupied?3
•  Depends3on3the3number3of3electrons3per3atom,3ν3
•  The3Pauli3principle3say3that3every3state3can3be3occupied3by3at3most323

electrons.3
•  Then,3for3a3given3number3of3electrons3per3atom,3there3will3be3M3states3

occupied3such3that3

ν = 2M
N

103



Fermi3Level3and3Fermi3Energy3

2 Na
2π

kF = M → kF =
νπ
2a

EF =α + 2β cos kFa( )

113



Density3of3states3

DOS k( ) = Na
2π

= L
2πDensity3of3states3in3the3kJdomain3

Density3of3states3in3the3energy3domain:3number3of3states3in3E3and3E+dE.%

DOS E( ) = DOS k( ) dk
dE

= 2 Na
2π

1
2β sin ka( ) =

N
π

1

4β 2 − E −α( )2( )

123



β3 β3

a(

Bloch’s3Theorem3
Ψ x +ma( ) 2

= Ψ x( ) 2

therefore,Ψ x( ) and Ψ x +ma( ) differ in a phase

Ψ x +ma( ) = eiφmaΨ x( )

expand Ψ x( )in the atomic base

Ψ x( ) = cj x j
j=1

N

∑ and Ψ x +ma( ) = cj x +ma j
j=1

N

∑ = cj x j −m
j=1

N

∑ = cj+m x j
j=1

N

∑
then

cj+m x j
j=1

N

∑ = eiφ cj x j
j=1

N

∑ => cj+m cj( )−1
= eiφma

cj = Ae
ijφma = 1

N
eijkma

133



β3 β3

a(

Bloch’s3Theorem3

Ψ x +ma( ) = eik ma( )Ψ x( ) = eikRΨ x( )
R is a "latice vector"

or3

Ψ x( ) = eikxu x( )

Plane3wave3with3wave3vector3k3 Periodic3func?on:3Bloch3func?ons3

143



3D:3Cubic3Solid3

 
Ψ !

k = 1
NxNyNz

ei
!
k i
!
R

R
"!∑

!
R

 

!
R = a l,m,n( )
!
k = kx ,ky ,kz( )
E
!
k( ) =α + 2β cos kxa( ) + cos kya( ) + cos kza( )( )

First3Brillouin3Zone:3

− π
a
< kx <

π
a

− π
a
< ky <

π
a

− π
a
< kz <

π
a
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Cubic3Solid:3Bands3

 
E
!
k( ) =α + 2β cos kxa( ) + cos kya( ) + cos kza( )( )

First(Brillouin(Zone:(
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FCC:3Lance3and3Reciprocal3Space3

First(Brillouin(Zone:(

 

t1
*
!"
= 2π

"
t2 ×
"
t3"

t1 ⋅
"
t2 ×
"
t3( )

t2
*
!"
= 2π

"
t3 ×
"
t1"

t1 ⋅
"
t2 ×
"
t3( )

t3
*
!"
= 2π

"
t1 ×
"
t2"

t1 ⋅
"
t2 ×
"
t3( )

La@ce((
Reciprocal(Space((
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Silicon3Mininal3Basis3set.3

First(Brillouin(Zone:(

each3atom3has3AO:32s,2px,2py,32pz333

 
Ψn,

!
k = 1

N
cj ,AO
n ei

!
k ⋅
!
Rm−
!
bj( ) m, j,AO

j=1,2
∑

m
∑

La@ce(
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A3par?cle3in3a3box:31D3Case3

   
− !

2

2m
∇2ψ n x( ) +V x( )ψ n x( ) = Enψ n x( )

193

V x( ) = 0, − L / 2 < x < L / 2
∞, outside

⎧
⎨
⎩

 
ψ n x( ) = 2

L
sin knx( ), kn =

nπ
L
, n = 0,1,2,... En =

!2kn
2

2m
,



A3par?cle3in3a3box:33D3Case3

    
− !

2

2m
∇2ψ n r( ) +V r( )ψ n r( ) = Enψ n r( )

203

 

ψ nx ,ny ,nz
=ψ nx

(x,Lx )ψ ny
(y,Ly )ψ nz

(z,Lz ) Enx ,ny ,nz
=
!2knx ,ny ,nz

2

2m

knx ,ny ,nz = knx x̂ + kny ŷ + knz ẑ =
nxπ
Lx
x̂ +

nyπ
Ly
ŷ + nzπ

Lz
ẑ



The3Density3of3States:3DOS3

  
G := Number of states

Volume
= N

V

213

 

Enx ,ny ,nz
=
!2knx ,ny

2

2m

knx ,ny
2 = knx

2 + kny
2 = nxπ

Lx

⎛
⎝⎜

⎞
⎠⎟

2

+
nyπ
Ly

⎛

⎝⎜
⎞

⎠⎟

2

G = k2

4π
= 2mE
4π!2

g E( ) = 2m
4π

DOS = g E( ) = dG
dE

= Number of states inEand E + dE

Be3the3number3of3states3per3unit3volume33



The3Density3of3States:3DOS3

223

 
g2D E( ) = m

2π!2

DOS = g E( ) = dG
dE

= Number of states inEand E + dE

1JDimension3

2JDimensions3
 
g1D E( ) = m

2π 2!2E

 
g3D E( ) = 1

4π 2
2m
!2

⎛
⎝⎜

⎞
⎠⎟
3/2

E 3/2

3JDimensions3


