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Static correlation denotes situation where the many-body  

wavefunction is poorly described by a Slater determinant 

Dissociating H2 

For a mean field Hydrogen molecule one gets 

𝜑𝑆𝐿 𝒓1, 𝒓2 = 𝜎𝑏 𝒓1 𝜎𝑏(𝒓𝟐) 𝛼1𝛽2 − 𝛼2𝛽1   

In the dissociation limit a much better ansatz is the  

Heitler-London state 

𝜑𝐻𝐿 𝒓1, 𝒓2 = 𝑠𝐴 𝒓𝟏 𝑠𝐵 𝒓𝟐 + 𝑠𝐴(𝒓𝟐)𝑠𝐵(𝒓𝟏) 𝛼1𝛽2 − 𝛼2𝛽1   

𝜎𝑏 = 𝑠𝐴 + 𝑠𝐵 /√2 

𝑠𝐵  𝑠𝐴  



Static correlation in H2 dissociation not captured by LDA or HF 

RPA does get it right, but performs poorly at intermediate 

distances 

Dissociating H2 



 

   Exchange and superexchange from RPA 

 

 

 

 

   Dissociating H2 with RPA and beyond 

 

 

Outline 

Je Jse  



Magnetic interactions are modelled in terms of Heisenberg  

Hamiltonians: 

Magnetic interactions 

𝐻 = − 𝐽𝑖𝑗𝑺𝑖
𝑖𝑗

⋅ 𝑺𝑗  
J13 J23 

J34 

4 

1 2 
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Different combinations of Jij result in very different magnetic 

properties! 

Typically, magnetic coupling constants are determined  

experimentally from spin-wave dispersions or susceptibility.  



NiO: Antiferromagnetic  

coupling of ferromagnetic  

planes 

Magnetic interactions 

Haldane phase:  

S=1 chain exhibiting 

a topological gap 

LiNiPO4: Magnetoelectric coupling from  

non-collinear spin configuration 

https://www.google.dk/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwipg4-mj-XSAhUBWCwKHZc2CQIQjRwIBw&url=https://en.wikipedia.org/wiki/AKLT_model&bvm=bv.149760088,d.bGg&psig=AFQjCNGioOeR1DHjml936h0qmxfu-F5ICg&ust=1490100479927278
https://www.google.dk/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwjBrZ_Zj-XSAhVJ1iwKHVDeDk4QjRwIBw&url=https://www.researchgate.net/figure/235496703_fig1_FIG-1-Color-online-Schematic-illustration-of-the-AFM-spin-structure-in-NiO-The&bvm=bv.149760088,d.bGg&psig=AFQjCNFLFbTtppKG8R4EIx0ezgQXHu1X7w&ust=1490100638548603


The microscopic origin of magnetic interactions may  

contain very different physics 

Exchange and superexchange 

Je 

Exchange 

Δ𝐸 ~ 𝜓0 𝑣𝑐|𝜓0 ~ −
𝑈

2
 

First order pertubation theory 

in Coulomb interaction 



The microscopic origin of magnetic interactions may  

contain very different physics 

Exchange and superexchange 

Je Jse  

Exchange 

Δ𝐸 ~ 𝜓0 𝑣𝑐|𝜓0 ~ −
𝑈

2
 

Superexchange 

Δ𝐸 ~
𝜓1 𝑉𝑖𝑜𝑛|𝜓2 

2

Δ𝜀12
~ −
4𝑡2

𝑈
 

First order pertubation theory 

in Coulomb interaction 

Second order in interatomic 

Coupling: Non-perturbative in U 



The magnetic couplings are obtained from first principle by  

energy mapping to the Heisenberg model 

NiO 

Je 

Jse  

For NiO we need three 

configurations to obtain Je and Jse 

Each Ni atom has: 

 

o   12 direct nearest neighbors 

 

o   6 next nearest neighbors 

       connected by oxygen bridge 
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Due to the energy mapping scheme the Jij can be written as  

JRPA = JEXX + Jc
RPA 

Functionals 

We have tested LDA+U, PBE+U, HSE06@PBE+U,  

EXX@PBE+U and RPA@PBE+U 

which allow us to separate the exchange and correlation 

parts of the magnetic couplings 

All calculations performed with the electronic structure 

package GPAW using plane waves and PAW 

https://www.google.dk/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=0ahUKEwjP25aPxc_TAhXIFJoKHe2ZDUoQjRwIBw&url=https://wiki.fysik.dtu.dk/gpaw/devel/devel.html&psig=AFQjCNHKnv7IegWOSkMPRuA15-pp3EOjrw&ust=1493757138165443&cad=rjt
https://www.google.dk/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&ved=0ahUKEwjP25aPxc_TAhXIFJoKHe2ZDUoQjRwIBw&url=https://wiki.fysik.dtu.dk/gpaw/devel/devel.html&psig=AFQjCNHKnv7IegWOSkMPRuA15-pp3EOjrw&ust=1493757138165443&cad=rjt


Direct exchange 

NiO 

Jd 

Jse  

Superexchange 
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NiO 

Direct exchange 

Jd 

Jse  Superexchange 

PBE+U is quite good for the ”right” U. 

RPA is not very sensitive to U 

[C. Patrick  and K. S. Thygesen,  PBE 93, 035133 (2016)] 
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Na3Cu2SbO6 

Spin ½ system  

of Cu2+ ions 

J1  
J2  



Can we improve the dissociation curve of H2 by going beyond  

RPA? 

Beyond RPA 



Within the adiabatic connection – fluctuation dissipation theorem 

the correlation energy can be written as 

where χλ(r,r’) is the (reducible) response function at coupling λ 

Many-body perturbation theory 

𝐸𝑐 =
−1

2π
 𝑑
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λ 𝑑 𝐫𝑑𝐫′
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 𝑑
∞

0

ω χλ 𝐫, 𝐫′; 𝑖ω − χ0 𝐫, 𝐫′; 𝑖ω  



Within the adiabatic connection – fluctuation dissipation theorem 

the correlation energy can be written as 

where χλ(r,r’) is the (reducible) response function at coupling λ 

In terms of diagrams (from Hedins formulation) 

= + 

χ χ 𝑣 𝑃 𝑃 

= + 

Γ 𝐾 Γ 𝐺𝐺 1 

where 

𝐾 =
δΣ𝑥𝑐
δ𝐺

 

Many-body perturbation theory 

𝐸𝑐 =
−1

2π
 𝑑
1
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λ 𝑑 𝐫𝑑𝐫′
𝑒2

∣ 𝐫 − 𝐫′ ∣
 𝑑
∞

0

ω χλ 𝐫, 𝐫′; 𝑖ω − χ0 𝐫, 𝐫′; 𝑖ω  



The RPA is simply obtained by  

= 

Many-body perturbation theory 

ΣH = 0 



The RPA is simply obtained by  

= 

If the Fock self-energy is used one obtains TDHF 

= + +  .... + 

Many-body perturbation theory 

ΣH = 0 

ΣF = 𝐺𝑣 



The RPA is simply obtained by  

= 

If the Fock self-energy is used one obtains TDHF 

= + +  .... 

Screened Coulomb interaction gives the BSE: 
𝑣            𝑊 =  ε−1𝑣 

+ 

Many-body perturbation theory 

ΣH = 0 

ΣF = 𝐺𝑣 



The RPA is simply obtained by  

= 

If the Fock self-energy is used one obtains TDHF 

= + +  .... 

Screened Coulomb interaction gives the BSE: 
𝑣            𝑊 =  ε−1𝑣 

+ 

Full GW self-energy gives TDGW: + + 

Many-body perturbation theory 

ΣH = 0 

ΣF = 𝐺𝑣 

ΣGW = 𝐺𝑊 



Only bands in the 

vicinity of the gap  

is neeeded to  

reproduce low  

energy spectrum 

Exciton 

Problem mapped to  

 a Hamiltonian 

Optical absorption with BSE 
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• We need all bands 

 

• No Tamm-Dancoff approximation –>  

    non-Hermitan Hamiltonian  

 

• The calculations is carried out at many point 

    along the adiabatic path 

 

• Analytical frequency integration –>  

     correlation energy is a sum of the residues  

Total energies with BSE 



We have performed ab initio calculations with TDHF and BSE  

for the potential energy curve of H2 

[T. Olsen and K. S. Thygesen,  J. Chem Phys 140, 164116 (2014)] 

Many-body perturbation theory 



We have performed ab initio calculations with TDHF and BSE  

for the potential energy curve of H2 

[T. Olsen and K. S. Thygesen,  J. Chem Phys 140, 164116 (2014)] 

Many-body perturbation theory 

More to W than a screened interaction! 



As we approach the dissociation limit the BSE Hamiltonian 

acquire imaginary poles giving rise to vanishing Ec(λ) 

[T. Olsen and K. S. Thygesen,  J. Chem Phys 140, 164116 (2014)] 

Imaginary poles in BSE 

𝐸𝑐 =  𝑑
1

0

λ𝐸𝜆 



To assess the performance of TDGW we consider a Hubbard dimer 

[T. Olsen and K. S. Thygesen,  J. Chem Phys 140, 164116 (2014)] 

Hubbard dimer 

𝐻 = −𝑡  𝑐𝑖σ
†

𝑖≠𝑗,σ

𝑐𝑗σ +
𝑈

2
 𝑐𝑖σ

†𝑐𝑖σ′
†

𝑖,𝜎𝜎′

𝑐𝑖σ′𝑐𝑖σ 

At half filling there is 6 Slater determinants and H can be  

diagonalized analytically 

The correlation energy in various approximations  

can be obtained from  

𝐸𝑐 = −
𝑈

2
 𝑑𝜆
1

0

 
𝑑𝜔

2𝜋
 𝐼𝑚[𝜒𝑖𝜎𝑖𝜎′ 𝜔 − 𝜒𝑖𝜎𝑖𝜎′

0 𝜔 ]

𝑖𝜎𝜎′

∞

−∞

 



[T. Olsen and K. S. Thygesen,  J. Chem Phys 140, 164116 (2014)] 

Hubbard dimer 



[T. Olsen and K. S. Thygesen,  J. Chem Phys 140, 164116 (2014)] 

Hubbard dimer 

Hubbard dimer Ab initio H2 



  Conclusion 

• RPA performs well for exchange and 

superexchange magnetic interactions 

 

• ... but so does PBE+U and HSE06 for the ”right” 

value of U 

 

• The dissociaton curve for H2 is significantly 

improved going to the BSE level – but 

calculations are intractable for realistic systems 

 

• RPA and BSE fails dramatically for H2
+ 

  



Thank you for the attention 


