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• Standard density functionals have the form:

𝐸"#$ 𝑛 = 𝑇( + 𝐸*+,[𝑛] + 𝐸/012[𝑛] + 𝐸+3[𝑛↑, 𝑛↓]

• For a one-electron density 𝑛7, the exact (unknown) functional should 
satisfy

𝐸/012 𝑛7 = −𝐸+3[𝑛7, 0]

so that 𝐸/012 + 𝐸+3 cancel out exactly and there is no “self-interaction”

• Approximate density functionals do not satisfy this

What is self-interaction in DFT?

known unknown



• This produces a residual, unphysical self-interaction of the electrons
• In other words, electrons “see” themselves, while they should not

What is self-interaction in DFT?

• While modern functionals can be very accurate for describing 
many properties in many cases, self-interaction errors (SIE) 
still cause problems…and it is embarrassing 

Rung 1: Local Density Approximation (LDA)

Rung 2: Generalized Gradient Approximation (GGA)
Rung 3: Meta-Generalized Gradient Approximation

Rung 4: Explicit occupied orbital dependent (hybrids, etc.)
Etc.

Accuracy improves, more exact 
conditions are satisfied

Self-interaction error leads to:
• Incorrect asymptotic behavior
• Unphysical delocalization of charge
• Many other problems

Self-interaction is still 

present!



Perdew-Zunger self-interaction correction (PZ-SIC)

• Orbital-by-orbital removal of self-interaction

• 𝐸"#$:;</ = 𝐸"#$ + ∑7>?@ 𝑈;</[ 𝑛7]

• SIC equations:

• Localization equations (traditional PZ-SIC) - conditions for minimum energy

• Orbital density dependent

𝐻0C + 𝑉7C
;</ 𝜙7C = 𝐻7C𝜙7C = F
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Perdew, Zunger, PRB 23, 5048 (1981)

How can we remove the SIE?

𝑈;</ 𝑛7 = −𝐸/012 𝑛7 − 𝐸+3[𝑛7]

(𝑛7 = 𝜙7 K)

𝜙7C 𝑉7C;</ − 𝑉GC;</ 𝜙GC = 𝜆G7C − 𝜆7GC = 0



• Particular choice of local orbitals minimizes energy

• Computationally challenging: 
• Determine occupied space plus a unitary transformation to localize 

orbitals
• Energy is not invariant under rotation of orbitals
• M(M-1)/2 conditions (on top of DFT)
• Multiple evaluations of 𝑈;</ 𝑛7

• It adds an extra burden that scales as M2

Pederson et al., JCP 86, 2688 (1985)
Vydrov & Scuseria, JCP 121, 8187 (2004)
Lethola & Jónsson, JCTC 10, 5324 (2014) 

Why isn’t PZ-SIC more widely used?



(since 1981)

• SIC-DFT improves thermochemistry of molecules only for LDA

• SIC correction disrupts the physical constraints built into GGAs, meta-

GGAs, and hybrids

• For many properties little is known

• It is computationally expensive

• DFU+U and hybrid functionals are perhaps the best reference of what to 

expect for explicitly self-interaction free DFT

• General consensus was ‘it is not worth the trouble’

What do we know about SIC so far?

Paradox of SIC: How can anything so right be so wrong? Perdew et al. Adv. in Atomic, Mol, Opt. Phys. 64 (2015)



Vydrov & Scuseria, J. Chem. Phys. 121, 8187 (2004)

DFT

SIC

Calculated formation enthalpies (kcal/mol) for G2 test set

• Results for LDA improved but any other functional worsens
• No significant improvement over standard DFT

What do we know about SIC so far?



For a given set of 𝜓Morthonormal orbitals:

• Fermi-Löwdin orbitals: 𝐹7 𝐫 = ∑P QP∗ (𝒂U)QP(𝐫)
W 𝒂U

• These Fermi orbitals 𝐹7 𝐫 are normalized but not orthonormal
• Orthogonalization: Löwdin
• One localized orbital for each descriptor 𝒂7 (FOD)
• Replaces the unitary transformation from MOsà LOs by {𝒂7}

• Still need to minimize the energy with respect to occupied space and 𝒂7
• FLOSIC: Fermi-Löwdin Self-Interaction Correction

Pederson, Ruzsinszky, Perdew, J. Chem. Phys. 140, 121103 (2014)

The FLOSIC route to self-interaction free DFT

𝑛 𝒂7 = F
M
|𝜓M 𝒂7 |K



DFT Traditional PZ

𝐸(ℙ) 𝐸(ℙ, 𝕌)
FLOSIC
𝐸(ℙ, 𝕒)

+𝑁(𝑁 − 1)/2 +3𝑁

• Effectively removes SIE
• Computationally more expensive than DFT, but scales better than 

previous SIC methods

• Fermi orbital descriptors contain chemical information

The FLOSIC route to self-interaction free DFT

core
lone 
pair

bond



The FLOSIC route to self-interaction free DFT

• One localized orbital per descriptor 𝒂7
• FLOs are orthonormal
• In many cases initial FODs are easy to predict



Initial density 
and FODs

Find optimal density 
(SCF) 

Calculate FOD 
gradients

Small 
FOD 

gradients?  
New FODs

Done

yes

no

FOD generators How to get “good” initial FODs?  

2-SCF approach,
Unified Hamiltonian

How to minimize the evaluation 
of 𝑉7C;</? 

The FLOSIC route to self-interaction free DFT

• LBFGS, GDIIS, etc.
• ECPs, Freezing, etc.

How to relax FODs faster? 

Atomic gradients also available: JCC 40, 820 (2019)

Structure of the code (under development)



Highlights: Atomic Energies

Whithanage et al., JCTC 14, 4122 (2018)

• Total FLOSIC energy above PZ-SIC
• Most of the difference in Δ𝐸 comes from the 1s 
• 1s contributions to AE cancel out

Highest Occupied EAtomization Energies

Physical properties identical

Δ𝐸
(H

a)



SIE4x4 and SIE11 test sets (from Grimme)

Sharkas et al., JPCA 122, 9307 (2018)

• Improved errors when SIC is important
• Less statistical dispersion than DFT

Highlights: The SIE11 Test Set

NH3NH3
+



Atomic orbital energies for 2s2p and 3s3p shells

• FLO-SIC orbital energies improved for core and valence levels
• Better approximations of removal energies
• Differential localization of s,p,d orbitals

• FLOSIC LDA
• LDA
• EXP

DOS of ZnO from: Schmidt and 
Kümmel, Computation 2016, 4, 33

Standard DFT

Hybrid functionals: 
partially counteract 
the SIE 

Self-interaction free 
calculation 

Highlights: Orbital Energies

Jackson et al., J. Phys. Conf. Ser. (in press, 2019)



“Toy” system (4 e) that allows us to compare 
with very accurate  wave function calculations

Highlights: Magnetic Exchange Couplings

Joshi et al., JCP 149, 164101 (2018) 

From Ruiz et al. JCP 123, 164110 (2005)
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FLOSIC calculations
• Effective core potentials (10 core electrons)
• Fully optimized FOD and orbitals
• Time consuming calculations

• FLOSIC reduces the AF interaction – same as hybrids 

Method [Cu2Cl6]2- [Fe2OCl6]2-

LSDA -493 -495
FLOSIC-LSDA -201 -97
PBEh -31 -377
B3LYP -56 -443
M06-2X 23 -284
wB97XD 47 -384
Experiment 0 to -40 -112

J couplings in cm-1

Joshi et al., JCP 149, 164101 (2018) 

Highlights: Magnetic Exchange Couplings

[Cu2Cl6]2-

[Fe2OCl6]2-



• SIC improves DFT in many aspects but harms ”bonding” thermochemistry
• FLOSIC opens the possibility for practical self-interaction free DFT
• Need to combine efficient SIC algorithms with SIC-friendly DFT realizations
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