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Résumé

● Motivation
● He atom excitations
● Exact Hylleraas solution
● QMC, full-CI, are they really exact?
● HF, Exact-DFT, DFT-LDA
● Exact-DFT+TDLDA, DFT-LDA+TDLDA
● GW+BSE vs TDHF (nuclear-RPA)
● beyond nuclear RPA: SC-RPA
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Motivation
Adapted from van Schilfgaarde et al.:

A statistics taking data from the literature.

● Is a comparison to the 
Experiment really meaningful?
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What about Relativistic Effects?

spin-orbit
split:

0.2 eV

first 3d
elements
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and electron-phonon, 0-point motion 
correction to the gap?

in diamond:

0.4 eV
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Motivation

● We must check our many-body approaches 
against Exact Solution benchmarks!

● Getting rid of:
● relativistic effects
● mass corrections
● electron-phonon
● QED
● …

● which mask real many-body performances.
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He atom

● Exact solution (Hylleraas) available!                
for both ground and excited states.

● The simplest many-body system             
(although here many=2)

● Not a model, but even a Real System!
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Helium atom electronic structure

Independent-
Particle

Exact & EXP
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Hylleraas 1929 exact calculation

(for singlets → space-symmetric even function of t)

Hylleraas coordinates
(3 scalars instead than 6)

Hylleraas functions

Ground state energy
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Hylleraas: a really EXACT solution 

EXP accuracy: 10-7 Ha

Frankowski & Pekeris 1966

Schwartz 2006

● The Hylleraas calculation of He excitations seems today a problem 
analogous to providing, e.g., arctan(x) to the machine precision.
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11Helium atom:
a triumph of Quantum Mechanics!

Pekeris PR (1958)

Ionisation Potential [cm-1]

non-relativistic
Hylleraas

reduced-mass
correction

mass-
polarization

relativistic
corrections

QED radiative
corrections THEORY EXPERIMENT

0.02
meV
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He atom Ground State
Ground State 
Energy

HF Exact DFT-LDA

11S -2.8616 Ha -2.9037 Ha -2.8348 Ha

11S -77.868 eV -79.014 eV -77.139 eV

● Expected performances of both:
● HF error: 1.1 eV = correlation energy
● DFT-LDA error: 1.9 eV (error of LDA, not of DFT)
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He atom and Exact-DFT

● Thank to the Hylleraas Exact solution, we have 
the Exact-DFT exchange-correlation!

Exact xc potential by inversion
the Kohn-Sham equation

Kohn-Sham equation

Umrigar, and Gonze (1994)
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He atom Ground State
Ground State 
Energy

HF Exact Exact-DFT DFT-LDA

11S -2.8616 Ha -2.9037 Ha -2.9037 Ha -2.8348 Ha

11S -77.868 eV -79.014 eV -79.014 eV -77.139 eV

● Good HF wavefunction, much 
better than expected! 

● but LDA and GGA 
wavefunctions also better than 
expected.

Umrigar, and Gonze (1994)
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EXACT vs exact: QMC

Frankowski & Pekeris 1966

Neil Drummond, private communication (2017)
CASINO, Jastrow wavefunction,
CPU time: 32h (VMC) + 121h (DMC)

DMC: E / 10 → CPU * 100 → N & N accuracy: 1068h

Hylleraas → Kinoshita 1957

EXP accuracy: 7 * 10-7 Ha

full-CI ? (age of the universe = 1014h)
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He atom Excitations

● Check of GW+BSE, RPA and beyond, TDDFT, etc. 
against the Hylleraas Exact solution.

● Is the way to correlation beyond HF of GW and BSE, 
based on the concept of screening, valid also in an 
only 2 electrons system, far to be an infinite solid?

● Validity of the BSE two-particle electron-hole 
propagator in a system where the hole is dug in a 
Fermi sea of only 2 electrons.

● Are self-interaction/screening problems, achieving 
their maximum criticality in a 2 electrons system, 
limiting the validity of GW+BSE?
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Dynamical Screened Interaction W (in RPA approx.)


GW

x1 , x2=iGx1 ,x2W x1 , x2

 x x1 , x2=iGx1 , x2v x1 , x2

Bare Coulombian Potential v

Hartree-Fock Self-Energy

GW Self-Energy

GW approximation to the Self-Energy

W r ,r ' ,=
−1

r ,r ' ,
1

∣r−r '∣

x
2

v r ,r '

x
1
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Ionisation Potential (IP)

Electron Affinity (EA)
QPstate [eV] HF GW Exact &EXP Exact-DFT DFT-LDA

1s (= - IP) -24.979 -24.696 -24.591 -24.591 -15.522

2s (= - EA) 0.590 0.580 >0 -4.291 0.331

2p 2.603 2.570 -3.445 1.841

3s 3.794 3.725 -1.755 2.692

● HF error on IP: 0.4 eV
● GW error on IP improves to: 0.1 eV
● The Exact-DFT HOMO KS eigenvalue provides the Exact IP.
● The EXP indicates a negative EA (unbound state):

● like in HF and GW and unlike Exact-DFT

● The Exact-DFT LUMO KS eigenvalue has nothing to see with the real EA!
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HOMO-LUMO gap

● Qualitatively correct HOMO-LUMO gap in both HF and GW
● Usual 30~40% DFT-LDA underestimation
● The Exact-DFT HOMO-LUMO gap has nothing to see with the 

real HOMO-LUMO gap!
● Any search for a DFT functional overperforming Exact-DFT on the 

LUMO and the HOMO-LUMO gap is discutable.

[eV] HF GW EXP Exact-DFT DFT-LDA

1s → 2s 25.569 25.276 >24.591 20.300 15.853
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From
Quasiparticle Charged Excitations

to
Optical Neutral Excitations
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Exact-DFT KS energy-differences

● Exact-DFT Kohn-Sham 
energy-differences are 
already in surprising 
good agreement with 
Exact neutral excitations!

● Exact-DFT KS energy-
differences reproduce the 
correct Rydberg series 
(highest lying states) → 
correct 1/r behaviour of 
the Exact-DFT exchange-
correlation potential!
Savin, Umrigar and Gonze (1998)
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22DFT → TDDFT:
short intro for nuclear physicists

same equation as RPA

TDDFT kernel

xc-kernel
(must be approximated:
Adiabatic LDA)

RPA kernel

Coulomb interaction

Kohn-Sham energies
instead than Hartree-Fock
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Exact-DFT+TDLDA

● Exact-DFT+Exact-TDDFT 
must of course reproduce the 
Exact result.

● Approximated TDLDA on top 
of Exact-DFT introduces the 
right singlet-triplet exchange 
splitting and performs 
reasonably well.

● TDLDA performance: 0.2 eV 
error.

● The scenario is completely 
different in DFT-LDA+TDLDA

Petersilka, Gross and Burke (2000)
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Bethe-Salpeter Equation

Bethe-Salpeter
Equation

Interaction Kernel

W = e-h Screened Interaction
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BSE vs TDHF=RPA(nuclear physics)

BSE

RPA (nuclear physics)

● Screening is the GW+BSE 
way to correlations!
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GW quasiparticle energies
instead than Hartree-Fock
(we start from a ground state
which already contains some
correlation)

BSE vs TDHF=RPA(nuclear physics)
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27He Neutral Excitations:
GW+BSE

● HF and GW quasiparticle 
energy-differences, unlike 
Exact-DFT KS, lye in the 
continuum, as they must.

● In contrast to the TDDFT 
kernel, the BSE kernel has 
a hard task to accomplish:

● Bring excitations 5 eV down 
from the continuum

● Exchange-split singlet-triplet 
states

● GW+BSE error: < 0.1 eV

Li, Holzmann, Duchemin, Blase, Olevano (2017)
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Gaussian basis set convergence

● d-aug-cc-pV5Z: non plus ultra!

● And we achieved safe 
convergence only for the HOMO, 
the LUMO and the LUMO+1 
(probably also the LUMO+2 is 
converged, but we cannot verify)!

● How can a gaussian full CI 
calculation be better?

● GW+BSE error: < 0.1 eV 
on the lowest (converged) 
lying states

● Achieves 0.6 eV on the 
highest, but for merely 
basis set (gaussians) 
incompleteness.
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GW+BSE vs TDHF (nuclear RPA)

● TDHF (nuclear RPA):    
twice the GW-BSE error!

● TDA and G0W0 errors < than 
the quoted 0.1 eV error

● Self-interaction/screening 
problems not really affecting

● or for < 0.1 eV

● see also “GW on H atom”, 
Nelson, Bokes, Rinke, Godby 
2007)
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Hylleraas exact calculation

(for singlets → space-symmetric even function of t)

Hylleraas coordinates
(3 scalars instead than 6)

Hylleraas functions

N = 0 → → effective charge
(screening)

Hylleraas (1929)

● It is not that strange that 
screening capture most of 
correlations even in 2-
electrons He atom
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BSE Excitonic Wavefunction

Electron hole-averaged and 
hole electron-averaged
distribution proababilities

Excitonic Wavefunction
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Oscillator Strengths

● Oscillator Strengths are sensistive to both QP and 
Excitonic  wavefunctions (independently from 
energies).

● Surprising excellent agreement on the first 
dipole allowed Oscillator Strength!

Kono, Hattori (1984) Appel, Gross, Burke (2003)

Li, Holzmann, Duchemin, Blase, Olevano (2017)
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Towards SC-RPA: Improved RPA

● From HF uncorrelated 
0,1 integer occupation 
numbers, to fractional 
correlated ones:

Luttinger Theorem (checked up to 10-18) 

Catara et al. 1996, Rowe 1968,
correct to O(|Y|2):
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Towards SC-RPA: Improved RPA

● I-RPA improves RPA on 1st 
excitation (and probably 
the ground-state), where is 
better than GW+BSE.

● Not on further excitations

V. Olevano and P. Schuck, preliminary data.
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Conclusions

● Many-body approaches should be benchmarked against 
safe exact solutions, possibly in real systems: He atom.

● GW+BSE performs unexpectedly well on the He atom, not 
sensibly affected by self-interaction/screening errors.

● The GW+BSE error is half the TDHF/RPA error.
● TDLDA performs also reasonably well, but must be done on 

top of an Exact-DFT or an xc-potential with a 1/r asymptotic 
correct behaviour. DFT-LDA+TDLDA does not catch the 
Rydberg series.

● Nuclear physics SC-RPA improves upon RPA only on the 1st 
excitation (and probably the ground-state: ongoing work) but 
goes in the wrong direction for the rest of the excitations.
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