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Large-scale Second-RPA calculations
for collective excitations

m Introduction — Motivation
e ... and some formalism
m Large-scale Second RPA
e Technical issues
T BW S eve N ye a rS a g O o Physical aspects via illustrative examples
o Stability problems and missing correlations
m Open questions

e Range and conditions of validity of SRPA?

’:‘ SRPA e Any implications for first RPA?
- Range and conditions of validity

- (S)RPA vs linear-response theory vs density-functional
theory
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Nomenclature: Which RPA?

“* pp-RPA
= From A to A+2 system
s Pairing interaction
s Ladder diagrams

» ph-RPA
. where > (the self energy) is given by
= Same number of particles
= Phonon excitations @@ED §> [;;} e

] Ri ng d iag ra mS The diagrams in (4.98) are called ‘ring’ diagrams because of their ring-like

structure. For historical reasons, this approximation for G is called the

H = -—-—1—-—, (4.97)

‘Random Phase Approximation’ or ‘RPA’.

“ ph-2p2h-RPA (Second RPA) @ @
s Extension of ph-RPA
= Related to phonon-phonon coupling @ @




Nomenclature: Which RPA?

o pp_RP A Vary&Ginocchio(1971) etc
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[ Ri ng d iag ra mS The diagrams in (4.98) are called ‘ring’ diagrams because of their ring-like

structure. For historical reasons, this approximation for G is called the

H . , (4.97)

‘Random Phase Approximation’ or ‘RPA’.

“ ph-2p2h-RPA (Second RPA) @ @
s Extension of ph-RPA
= Related to phonon-phonon coupling @ @

 HF reference state w @

« Spherical systems (J good quantum number)
ibs Ji=merene | © Everything antisymmetrized




And for which purpose?

+» Ground-state correlations

= Correction to the Hartree-Fock energy via the
backward amplitudes

m Correction real in the absence of phase transitions
(e.g. superfluidity in pp-RPA)

*» Excited states
s pp-RPA: 2-particle transfer, spectroscopy

s ph-RPA, ph-2p2h-RPA: Vibrational states, sound
waves
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Sum rules and conservation laws

*» External potential field V probes system with ground-
state density py(r)

(VV)?
2m

> (B~ BV = [ droo(r)

n

m Classical interpretation: relation between the average

energy transferred and the impulse given to each
nucleon

s Plane-wave field =» f-sum rule pook: Pines&Nozieres, 1966

% Sound modes in nuclei: >50% of EWSR = “Giant
resonan CeS” [book: Harakeh&van der Woude, 2000]
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+» RPA for sound waves
s Nuclear sound
s ph-RPA as linear-response theory

*» Second RPA — The past 7 years... and beyond

= SRPA and Thouless’ theorem
= Implications for first-order RPA
= Remarks on density-functional theory

s Summary
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Unofficial overview

*» The purist

= Thy shall not use SRPA based on the Hartree-Fock
reference state. It suffers from inconsistencies and
instabilities.

*» The practitioner

» |f you are interested in [giant resonances / collective
phonons, plasmons, ... / excitations exhausting most of
the EWSR] it's fine, it will even give you some fine
structure and energy corrections

** The contrarian

= Then why would | use RPA at all?
s When should | use what? I'm confused.
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Main references

s PP, R.Roth, “Second random-phase approximation
and realistic interactions”, Phys.Lett.B671(2009)356

s PP,R.Roth, “Large-scale second random-phase

approximation calculations with finite-range
interactions”, Phys.Rev.C81(2010)024317

s PP, “Second random-phase approximation, Thouless’
theorem, and the stability condition re-examined and
clarified”, Phys.Rev.C90(2014)024305
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INTRODUCTION

Nuclear sound
Derivation and properties of (S)RPA




Nuclear Giant Resonances

IVGMR IVSGMR

PA —~24
PY
ny

AT =0 AT =1 AT =0 AT =1
AS=10 AS =0 AS =1 AN=1

[‘Giant resonances” book by Harakeh and van der Woude]
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Nuclear Giant Resonances

N +2 T
: 1
~ 1hw

N +1 )

~lhw

occupied (hole) states 5 <
: i

e D —)
AN=1 AN=0 -AN=2

El E2(E0)

[‘Giant resonances” book by Harakeh and van der Woude]
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Normal modes of vibration

Major part of the EWSR

The simplified picture e reality

208py,
EO
99+-18

AS=0,AT=0 AS=0,AT=1 AS=1,AT=0 AS=1,AT=1

‘@06 6
L1 1
haod

SRPA explored to explain attenuation |. ‘
(~30yrs ago) - - =

L=1




Equations-of-motion method

m Schrédinger equation:
Hlv) = E,|v)
m Define creation / annihilation operators
V) =Ql10) ; Q,0)=0
m Rewrite:

(O[[R, [H,Q]]|0) = E,(0|[R,Q][0) ; VR

m E.g.0 R = afay, ph operator, Q, = 3, Xpnajan — Yynaj,ap,
and |0) = |HF): HF-RPA




Standard RPA

m Vibration creation operator:
Q= X XphOh — o YiOpn 3 QuIRPA) =0 ; Q}|RPA) = |v)
m Standard RPA - the RPA vacuum is approximated by the HF ground state:
(RPA|...|RPA) — (HF|...|HF) ; O!, — ala,

m RPA equations in ph—space:

(5 ) (3) == ()

Aph it = OppOnn(€p—en)+Huy piv 3 Bpnyn = Huw pypr

For some in-medium
Hamiltonian H

<= Self-consistent HF+RPA: spurious state and sum rules

« Equivalent to small-amplitude Time-Dependent Hartree-Fock
 Linear Response Theory




Second RPA

m Vibration creation operator: Includes 2p2h configurations

F— v nt _ v " +
Qu - thXphOph th}/ﬂloph + prhmzhzxpihlpzhzomhlmhz
-2 v @)
prhipaha prhipzha ~ prhipzh2

m The SRPA vacuum is approximated by the HF ground state:
(SRPA|...|SRPA) — (HF|...|HF)

m SRPA equations in ph & 2p2h—space:

[ A An| B 0 X
Ay Ax| 0 0 XV
—B* 0 | —A" —-4;, Y"

\ 0 0 | —A3 —A% y

Aph’plhl = 5pp’5hh’(ep — eh) + thl‘phl : Bph‘p(hl = Hhhl’ppl

Ai2: interactions between ph and 2p2h states
A22: Op,p,Ony 1, Opy ) Ohy by (€py + €py — ERy — Ehy)

= hw,

For some in-medium Hamilto
nian H

Drozdz,Nishizaki,Speth, Wambach; Yannouleas; and others, early ‘90s



Second RPA

m Vibration creation operator: Includes 2p2h configurations

t _ v Nt _ v v t
QV - th phOph th phOPh + Zp1h1p2hzxplhlpzhzoplhlmh2
v

_thlmhz mhlpzhzoplhlpzhz

m The SRPA vacuum is approximated by the HF ground state:
(SRPA|...|SRPA) — (HF|...|HF)

m SRPA equations in ph & 2p2h—space:

[ A Apn| B 0 Xv xv )
AQ] AQQ 0 0 XY XY
= hw,
B 0 | -A" —-A, Y Y
\ 00 |45 -4 N )

| 5 I6 ’ - h
A = (e, =) ¥ B linear response with collision
Aji2: interactions between ph t
.A22 5,,,,,;6;,,;.:16,,1,,:16,,1,,1(%1 + erm

Drozdz,Nishizaki,Speth, Wambach; Yannouleas; and others, early ‘90s



EoM for the one- and two-body density matrix -

pu(t) =¥ (t)|a] acly(t)) = One-body density matrix
H=Y tuaia+} Y buaiaia,a, ® Hamiltonian
Kl kipg

iﬁ;%pu(t)=<~lf(t)l[a7“ak, H]l¢(1)) = Equation of motion

gg)n(‘)=<"'(‘)|a:a:“ﬂk|'/‘(‘» » Two-body density matrix
i< p() =(W(lla; ajam,, HIW()

Plira = PioPia~ PraPip+ 8upy  w Non-trivial part g
= Then EoM takes the form iﬁ%ﬂu(t);ihm]u}-‘lu
s With hu=tu+ Ug ka:pzq:ﬁkqlpppq | |

=l T e
s And a collision term La=:2 Z; Okprs&rsip ~ Ursip8iprs

J.Wambach, Rep.Prog.Phys.51(1988)989
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Small-amplitude limit: SRPA

0
—_— =p +8
s Expand around equilibrium values: A

g=g"+dg.
= Assume harmonic dependence: 9P =8ppn ™ + 8py, €'

88 = 8gppmm € + Sgpnpp €.
m Linearization of the EoM vyields:

(5 2)-=6 9

dz(Au' AIZ') Q:(B“' BIZ') AL Spph=X;h g . aphp=Y;h
: Ay Az By, By y

— v - v
88pphv = X porn O8nhpp' = Y pprhn’

= Linear response with collision term:
., 8 &h 81
ih— 8pu(t)=[h° & +[— o
ag '@ [h7, 8p]u 8_p 6p, po Y + 5p 6p, po o

| J.Wambach, Rep.Prog.Phys.51(1988)989

1S 21z ern 2



Formal properties of RPA...

[D.J.Rowe, Rev.Mod.Phys.40(1968)153]
[D.J. Thouless, Nucl.Phys.22(1961)78]

*» Solutions appear in adjoint pairs
» If the stability condition is satisfied,
(O|[FT,[H, F]])|0) =) FyMgF, >0

solutions are real  ¢°

2 The EWSR is preserved (Z E, — Eo)|{ O|V|n)|2=/d3rpo(ﬂ(§‘/)2)

2m

o
> 1010 Eno = (0110, H,0][0)

n:N,=1
* ... and therefore spurious transitions have zero energy
(restoration of symmetries)

|HF) = vacuum of ph states = stability of RPA for physical states

[ ]
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Formal properties of RPA...

[D.J.Rowe, Rev.Mod.Phys.40(1968)153]
[D.J. Thouless, Nucl.Phys.22(1961)78]

*» Solutions appear in adjoint pairs

» If the stability condition is satisfied,
N v a e

<O| [F T, Ir§5 C(;Frgétga radial operator r* — 3(r?)r VS 12
solutior N S T S T T
100 4 RPA ISD uncon;tgg —
’:‘ The Ew @ : coIr e R — i
E 804
5 60 B
2 8 40 - i
(4 4]
n:N. 20 m i
N, ]
\/ 0 | I T I
% ... and 1 0 10 20 20 40 50 60 7denergy

(restoration of syrﬁmetries)

|HF) = vacuum of ph states = stability of RPA for physical states
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... same for SRPA

As is the case with the simple RPA,? the search for for-
mal properties of the second RPA is greatly simplified by
the fact that the second RPA excitation operator O,—
which creates a one-phonon state—satisfies the following
double-commutator equation:

(HF |[R,[H,0}]]| HF) =#i,(HF | [R,0}] | HF) ,
forall R, (1)

where #iw, is the excitation energy, | HF) is the Hartree-
Fock ground state of the nucleus, and R is any operator in
the same space as O,. H is the exact many-body Hamil-
tonian.

0: = 2 [ Ym,(wv)a;,a, —Z,,,,(wv)a,-fa,,, ]

mi
*
+ 3 [Y,,,,,,j(w,,)a,t,a,.aja,

men,i<j

— ,,,,,,-,-(w,,)a,-"a}a,,a,,,] . (2)

C.Yannouleas, PRC35(1987)1159

Equipped with Eqgs. (1) and (2), one can repeat the steps
in Sec. III of Ref. 2 and show that all the formal proper-
ties familiar from the simple RPA hold for the zero-
temperature second RPA as well. In particular, these for-
mal properties are the following:

(1) The solutions of the second RPA appear in pairs
having symmetric positive and negative eigenvalues.

(2) The second RPA solutions have real energies when
Thouless’s stability condition is fulfilled.

(3) Spurious solutions reflecting the center-of-mass
motion separate out and have exactly zero energy.

(4) The second RPA solutions are orthonormal.

(5) The nonspurious second RPA solutions form a com-
plete set.

(6) The matrix elements of any operator W calculated
in the second RPA preserve the energy-weighted sum rule.
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Equipped with Eqgs. (1) and (2), one can repeat the steps
in Sec. III of Ref. 2 and show that all the formal proper-
ties familiar from the simple RPA hold for the zero-
temperature second RPA as well. In particular, these for-
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(1) The solutions of the second RPA appear in pairs
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|HF) NOT the vacuum of 2p2h states = ?




Ryp(E) [fm*/MeV]

Risq(E) [fm*/MeV]
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VALIDITY OF SRPA

What is at issue?




Spurious states and instabilities in SRPA

ISD corrected radial operator r* — 2(r%)r vs r®

Bysp(E) [fm°)

Bisp(E) [fm?)

|

| | | | | |

120
100 —

RPA ISD uncorrected
corrected ———
VD ———

N A O ®
o O O © O
| | | |

120

100 —
80 —
60 —
40 -
20 —

SRPAO ISD uncorrected
corrected ———
VD —

E [MeV]

spurious admixtures

E; [MeV]

o O O ©O O o ©

(nenw,wj) (3)INy

|
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Formal properties: like RPA?

Equipped with Egs. (1) and (2), one can repeat the steps
in Sec. III of Ref. 2 and show that all the formal proper-
ties familiar from the simple RPA hold for the zero-
temperature second RPA as well. In particular, these for-
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(6) The matrix elements of any operator W calculated
in the second RPA preserve the energy-weighted sum rule.

C.Yannouleas, PRC35(1987)1159
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We found:
 instances of imaginary 3-, 2+
» spurious state at finite energy
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(4) The second RPA solutions are orthonormal.
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C.Yannouleas, PRC35(1987)1159

having symmetric positive and negative eigenvalues. :
- 1 energi -..: O
Thouless’s stability condition is fulfilled.

We found:
 instances of imaginary 3-, 2+
» spurious state at finite energy

P.P., PRC90(2014)024305




PP, PRC90,024305

&

L)

» Thouless’ theorem still holds: if all eigenvalues are real, the EWSR satisfies

L)

1
2
> [(vI0I0)PE, = S (0][0.H.0]|0)
v:N, =1
% For H commuting with O, this means that the total EWSR must vanish.

>

% Q: Then how come there is spurious strength at finite energy?

*

L)

* A: Positive-energy solutions with negative norm may exist:
m (Their negative-energy counterparts will cave postitive norm)
= Pairs of « antinormal » solutions: N, E, <0 |Xv|2 - |Yv|2 =N, = %1

>

D)

» Their contribution to the energy-weighted sum is negative

L)

*

L)

» As a result, a spurious state can contribute a finite but negative amount to the
total spurious EWSR, such that the total spurious EWSR still vanishes ->
Thouless’ theorem indeed holds (demonstrated numerically)

L)

[ ]
71X Drotoi1e)
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» Thouless’ theorem still holds: if all eigenvalues are real, the EWSR satisfies

L)

1
Y IWIOI0)’N,E, = 5(0ll0,H,0]/0)
v:E, =0
% For H commuting with O, this means that the total EWSR must vanish.

>

% Q: Then how come there is spurious strength at finite energy?

*

L)

* A: Positive-energy solutions with negative norm may exist:
m (Their negative-energy counterparts will cave postitive norm)
= Pairs of « antinormal » solutions: N, E, <0 |Xv|2 - |Yv|2 =N, = %1

>

D)

» Their contribution to the energy-weighted sum is negative

L)

*

L)

» As a result, a spurious state can contribute a finite but negative amount to the
total spurious EWSR, such that the total spurious EWSR still vanishes ->
Thouless’ theorem indeed holds (demonstrated numerically)

L)

[ ]
71X Drotoi1e)

19 I 1 ‘Ll-_l I_-_'I-T_ Rare Isotope
titute for Basic Science Science Project



Spurious strength in SRPA

PP, PRC90,024305
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Numerical validation of Thouless’ theorem

PP, PRC90,024305
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Spurious states and instabilities in SRPA

ISD corrected radial operator r* — 2(r%)r vs r®
120 | | | | | | | 0
B 100 4 RPA ISDung::gtg o %
€ 804 VD —— | o =
E ¥
w 60 - 0
3 40 | - 0
© ol | e
Nonetheless: physical spectrum S , , == *
not much contaminated 60 70 ° > o0 %0 200
no. 2p2h states [thousands]
120 263 1060 ' 0.0u
100 — SRPAO ISD ung::g;g L 03 én /\
€ 80+ VO L oz G —
2 40 - 012 3 energy states
20 - L 006 <

0 T - T 0
0 10 60 70
E [MeV]
spurious admixtures ,



Spurious states and instabilities in SRPA

ISD corrected radial operator r* — 2(r%)r vs r*

120 ] ] ] | ] | ]
RPA ISD uncorrected
100 corrected —— [~

0
0
80 - l| VD —— | ¢
60 ' L o
40 - | —0
0
0

Nonetheless: physmal spectrum _

E; [MeV]

Bisp(E) [fm°]

0 50 100 150 200
nOt mUCh Contamlnated - " no. 2p2h states [thousands]
120 = | T ' 0.0u
100 4 l SRPAO ISD unggggﬁ L 03 zm /\
€ 80- |\ VD —— L o024 H
= | o Inctahility of o, |
L 60 \ - o 3
2 40 \ - 012 > yet to do:
20 - , L 006 < self-consistent
o At L e e 0 second-order
0 10 20 30 40 50 60 70 T Py

» Correlated ground state [P.Tohyama, P.Schuck; N.Pillet et al.]
> Subtract/on method [Tselayev,...]

PO T oTroTOr oM T OO
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The importance of the reference state




Validity of HF-RPA

*» HF reference state ensures consistency and good
properties

= |HF) = vacuum of ph states =¥ stability of RPA for

physical states
s RPA = small-amplitude TDHF

* Qua

ity of quasi-boson approximaticgn

Bsp(E) [fm°)

120

100
80 —
60 —
40
20

0

RPA ISD uncorrected
corrected ——
WD ——

IS GMR centroid

" IV GDR centroid

" IS GQR centroid

Red:HF-RPA
Blue: “renormalized”

18 40cq 90z, 100g, 208p),

18 40cq 90z 100g, 208p),

PP, R.Roth, N.Paar, PRC75, 014310




HF-RPA, CC-RPA, IM-RPA

R.Trippel, PhD Thesis, TUD, 2016

B(IVD) [e*fm’] B(SQ) [e?fm*]
I I

300
200
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-1500
-1000
-500

2000

—1000

2000
—1000

-3000
—-2000
—1000

E [MeV]

Figure 8.28: Results from HF-RPA (-----), CC-RPA (----), IM-RPA (——). Here we use the
EM400 interaction (o = 0.08 fm?*) with eMax = 12, E3Max = 14 and A2 = 24 MeV.
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HF-SRPA vs IM-SRPA (no instabilities?)

R.Trippel, PhD Thesis, TUD, 2016
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1
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[ |
: : A :
\ J 7 \ s
| =71 S | == [ [ - ., < I
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E [MeV]

Figure 8.30: Comparison of results from HF-SRPA (----) and IM-SRPA (——). Here we use
the SAT interaction (a = 0.08 fm?) with eMax = 12, E3Max = 14 and AQ = 22 MeV.
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CONCEPTUAL ISSUES

RPA or SRPA?




1

Unofficial overview

*» The purist

= Thy shall not use SRPA based on the Hartree-Fock
reference state. It suffers from inconsistencies and
instabilities.

*» The practitioner

» |f you are interested in [giant resonances / collective
phonons, plasmons, ... / excitations exhausting most of
the EWSR] it's fine, it will even give you some fine
structure and energy corrections

** The contrarian

= Then why would | use RPA at all?
s When should | use what? I’'m confused.
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*» Interested in one-particle observables only

» Single-particle density encodes implicitly all relevant
information.

s Then: E[p]; HF, RPA; (SRPA superfluous?)

= If | determine E[p] indirectly (from fits to data), | do not need to
solve the A-particle Schrodinger equation!

= Density fluctuations: E[p,+06p] = E[p,] + dp E'[p,]: linear response
*» Interested explicitly in two-particle observables
s E.g., 2-phonon states; width of GRs, collisions
= Two-particle density relevant
= Then: E[p,g]; correlated ground state, SRPA
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Roughly two approaches

** Given interaction + many-body method

» Variational reference state + Equations of Motion
s [0 lowest order, HF+RPA

s Systematic inclusion of correlations / mp-mh until

convergence
9 “Wave-function approach” [JT]

« Known Hamiltonian

“+ Energy-density functionals + linear-response theory

Kohn-Sham EFT [JT]
* E[p,...] known; Hamiltonian not necessarily known
« “black box” [AG]

s The order of truncation depends on the application
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Energy density functional for KIDS

 Homogeneous matter -> Ansatz: k- powers

* Nuclear EDF by reverse engineering

* Success in dilute and dense matter and nuclear ground states
» Poster by Hana Gil!

“* KIDS = Korea: IBS - Daegu - Sungkyunkwan
“* (N : Kyungpook - IBS - Daegu - Sungkyunkwan )
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Unofficial overview

*» The purist
= Thy shall not use SRPA based on the Hartree-Fock

reference state. It suffers from inconsistencies and
instabilities.

*» The practitioner

» |f you are interested in [giant resonances / collective
phonons, plasmons, ... / excitations exhausting most of
the EWSR] it's fine, it will even give you some fine
structure and energy corrections

**» The contrarian RPQ-'h —
° onn- am

s Then why would | use RP. . Ejpj known somehow

* Hamiltonian not necessarily known
I?
= When should [ use what? | .~ " .
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Unofficial overview

*» The purist
= Thy shall not use SRPA based on the Hartree-Fock

reference state. It suffers from inconsistencies and
instabilities.

*» The practitioner

» |f you are interested in [giant resonances / collective
phonons, plasmons, ... / excitations exhausting most of
the EWSR] it's fine, it will even give you some fine
structure and energy corrections

**» The contrarian RPQ-'h —
° onn- am

s Then why would | use RP. . Ejpj known somehow

s \When shoulc¢ SRPA, etc: necessatrily known
* “Wave-function approach”
* Known, perturbative Hamiltonian
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Unofficial overview

*» The purist
= Thy shall not use SRPA based on the Hartree-Fock

reference state. It suffers from inconsistencies and
instabilities.

*» The practitioner

» |f you are interested in [giant resonances / collective
phonons, plasmons, ... / excitations exhausting most of
the EWSR] it's fine, it will even give you some fine
structure and energy corrections

** The contrarian RPQ-'h Shom EFT
° onn- am

= Then why would | use RP. . Ejp] known somehow
a \When shoulc SRPA etc.t' necessarily known

£

In the middle: —

Good E[p] and RPA; interested in fragmentation: subtraction method? }r
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