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Properties of electronic structure methods

DFT MP2 CCSD(T) CASSCF/PT2
(GGA, B3LYP)

accuracy low medium high high
applicability

multireference no no no yes
Van-der-Waals no yes yes yes

handling
‘black-box’-like yes yes yes no

formal scaling N3 − N4 N5 N7 factorial

Aim: Development of more powerful DFT methods
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Orbital-dependent functionals

E0 = Ts[{φi}] + U [ρ0] + Ex [{φi}] + Ẽc[{εs}, {φs}] +
∫

dr vnuc(r) ρ(r)

Correlation from adiabatic-connection fluctuation-dissipation (ACFD) theorem

Orbitals and eigenvalues from Kohn-Sham equations

[
T̂ + v̂nuc + v̂H [ρ0] + v̂x [{φi}] + ˆ̃vc[{εs}, {φs}]

]
φi = εiφi

ˆ̃vc = 0 EXX
ˆ̃vc = ˆ̃vACFD[H] dRPA or ACFD[H]
ˆ̃vc = ˆ̃vACFD[Hx+c̃] self-consistent ˆ̃vc
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Adiabatic-connection fluctuation-dissipation
theorem for DFT correlation energy I

Ec = −1
2π

∫ 1

0
dα
∫

drdr′ 1
|r− r′|

∫ ∞
0

dω
[
χα(r, r′, iω) − χ0(r, r′, iω)

]

Integration of response functions along complex frequencies

−1
2π

∫ ∞
0

dω
∫

dr dr′g(r, r′) χα(r, r′, iω) =

=
∫

dr dr′ g(r, r′)
[
ρα2 (r, r′) − 1

2 ρ(r)ρ(r′) + ρ(r)δ(r− r′)
]

∫ ∞
0

dω a
a2 + ω2 = π

2 later on g(r, r′) = 1
|r− r′|

χα(r , r ′, iω) = −2
∑
n 6=0

En − E0

(En − E0)2 + ω2 〈Ψ
α
0 |ρ̂(r)|Ψα

n〉 〈Ψα
n |ρ̂(r ′)|Ψα

0 〉

Vc(α) =
〈
Ψ0(α)|V̂ee|Ψ0(α)

〉
−
〈
Φ0|V̂ee|Φ0

〉
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Adiabatic-connection fluctuation-dissipation
theorem for DFT correlation energy II

Ec = −1
2π

∫ 1

0
dα
∫

drdr′ 1
|r− r′|

∫ ∞
0

dω
[
χα(r, r′, iω) − χ0(r, r′, iω)

]
=
∫ 1

0
dαVc(α)

Integration along adiabatic connection

Ec =
∫ 1

0
dα Vc(α) with Vc(α) = 〈Ψ0(α)|V̂ee|Ψ0(α)〉 − 〈Φ0|V̂ee|Φ0〉

Ec(α) = 〈Ψ0(α)|T̂ + α V̂ee|Ψ0(α)〉 − 〈Φ0|T̂ + α V̂ee|Φ0〉

From Hellmann-Feynman theorem follows

dEc(α)
dα = 〈Ψ0(α)|V̂ee|Ψ0(α)〉 − 〈Φ0|V̂ee|Φ0〉 = Vc(α)

Ψ0(α) = min
Ψ→ρ

〈Ψ|T̂ + α V̂ee|Ψ〉

Mol. Phys. 109,2473 (2010)
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Adiabatic-conection fluctuation-dissipation theorem

Ec = −1
2π

∫ 1

0
dα
∫

drdr′ 1
|r− r′|

∫ ∞
0

dω
[
χα(r, r′, iω) − χ0(r, r′, iω)

]
KS response function χ0(r, r′, iω)

χ0(r, r′, iω) = −4
occ∑

i

unocc∑
a

εai
ε2ai + ω2 ϕi(r)ϕa(r)ϕa(r′)ϕi(r′)

Introduction of RI basis set orthonormalized with respect to Coulomb norm

Ec = −1
2π

∫ 1

0
dα
∫ ∞

0
dωTr

[
Xα(iω) − X0(iω)

]
FH

Response matrix Xα(iω) from TDDFT

Xα = [1− X0 FαHxc]
−1 X0
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Approximations for FαHxc

Xα = [1− X0 FαHxc]
−1 X0

(I) ACFD[H]: direct Random Phase Approximation (dRPA)

FαHxc ≈ αFH fH (r− r′) = 1
|r− r′|

Xα = [1− X0 αFH]−1 X0

= (−X0) 1
2

[
−1 − α(−X0) 1

2 FH (−X0) 1
2

]−1
(−X0) 1

2

(II) ACFD[Hx]: Hartree plus exact exchange kernel (EXXRPA)

X0 FHx X0 = HHx

Xα = X0 [X0 − αHHx ]−1 X0

= (−X0) 1
2

[
−1 − α(−X0)− 1

2 HHx (−X0)− 1
2

]−1
(−X0) 1

2
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Function hHx

hHx(ω, r , r ′) = 1
4
∑
ia

∑
jb
ϕi(r)ϕa(r) λia(ω) MI

ia,jb λjb(ω) ϕj(r′)ϕb(r′)

+ ω2

4
∑
ia

∑
jb
ϕi(r)ϕa(r) λia(ω) ε−1

ia MII
ia,jb ε

−1
jb λjb(ω) ϕj(r′)ϕb(r′)

+
∑
ia

∑
j
ϕi(r)ϕa(r)λia(ω)

〈
a|v̂NL

x − v̂x|j
〉

εa − εj
ϕi(r ′)ϕj(r ′) + · · ·

+
∑
ia

∑
b
ϕi(r)ϕa(r)λia(ω)

〈
b|v̂NL

x − v̂x|i
〉

εb − εi
ϕa(r ′)ϕb(r ′) + · · ·

MI
ia,jb = 4(ai|jb)− (ab|ji)− (aj|bi) + δij〈ϕa|v̂NL

x − v̂x|ϕb〉 − δab〈ϕi |v̂NL
x − v̂x|ϕj〉

MII
ia,jb = −(ab|ji) + (aj|bi) + δij〈ϕa|v̂NL

x − v̂x|ϕb〉 − δab〈ϕi |v̂NL
x − v̂x|ϕj〉

λia(ω) = −4εia/(ε2ia + ω2) εia = εa − εi

dRPA: hH(r , r ′, ω) =
∑
ia

∑
jb
ϕi(r)ϕa(r)λia(ω) (ia|jb)λjb(ω)ϕj(r′)ϕb(r′)
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(III) Power series approximation for Fα
Hxc

ACFD[Hx+c̃]

FαHxc = αFHx + α2F(2)
c + α3F(3)

c + . . .

X0FαHxcX0 = Hα
Hxc , X0FHxX0 = HHx , X0F(n)

c X0 = H(n)
c

Hα
Hxc = αHHx + α2H(2)

c + α3H(3)
c + . . .

Higher order terms: Power series approximation

(−X0)−
1
2 Hα

Hxc(−X0)−
1
2 = α(−X0)−

1
2 HHx(−X0)−

1
2 + α2(−X0)−

1
2 H(2)

c (−X0)−
1
2 + . . .

= α(−X0)−
1
2 HHx(−X0)−

1
2 +α2β2

[
(−X0)−

1
2 HHx(−X0)−

1
2

]2
+ . . .

(−X0) 1
2 F(n)

c (−X0) 1
2 = βn

[
(−X0)− 1

2 HHx(−X0)− 1
2

]n

Xα = (−X0) 1
2

{
− 1− α(−X0)− 1

2 HHx(−X0)− 1
2

− α2β2

[
(−X0)− 1

2 HHx(−X0)− 1
2

]2
− . . .

}−1
(−X0) 1

2
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ACFD[Hx] method

Ec = −1
2π

∫ 1

0
dα
∫ ∞

0
dωTr

[
Xα − X0

]
FH

Hartree plus exchange kernel for Xα=(−X0) 1
2

[
−1−α(−X0)− 1

2 HHx(−X0)− 1
2

]−1
(−X0) 1

2

=(−X0) 1
2 U [−1 − ατ ]−1 UT (−X0) 1

2

with (−X0)− 1
2 HHx (−X0)− 1

2 = U τ UT

Ec = −1
2π

∫ ∞
0

dω
∫ 1

0
dα

{
Tr
[
(−X0) 1

2 U
(

[−1 − ατ ]−1 + 1
)
UT (−X0) 1

2

]
FH

}
Analytic coupling-constant integration

Ec = −1
2π

∫ ∞
0

dω
{

Tr
[
(−X0) 1

2 U
(
− τ−1 ln[|1 + τ |] + 1

)
UT (−X0) 1

2

]
FH

}
Complete frequency-dependent exchange kernel can be treated
N 5 scaling (N 4 scaling for ACFD[H])

J. Chem. Phys. 136, 134102 (2012)
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ACFD[Hx+c̃] method

Ec = −1
2π

∞∫
0

dω
1∫

0

dαTr
{[

(−X0)
1
2 U
(
[−1−ατ −β2(ατ )2 − . . .]−1+ 1

)
UT (−X0)

1
2

]
FH

}

Parameters βn

Numerical coupling-constant integration
N 5 scaling
Additional computational cost with respect to ACFD[Hx] method is neglible

Phys. Rev. Lett. 117, 143002 (2016)
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Parameters of power series approximation

Training set with reaction energies
t-HONO → c-HONO HCN → HNC
HNCO → HOCN HNCO → HONC
HNCO → HCNO HOCN → HONC
HOCN → HCNO HCNO → HONC
H2CO → t-HCOH HCCH → H2CC
t-N2H2 → c-N2H2 CO+H2 → H2CO
H2O+F2 → HOF+FH N2+3H2 → 2NH3
t-N2H2 → N2+H2 HCCH+H2 → C2H4
CO2+4H2 → CH4+2H2O H2CO+2H2 → CH4+H2O
CO+3H2 → CH4+H2O CO+H2O2 → H2O+CO2
HCN+3H2 → CH4+NH3 H2O2+H2 → 2H2O
HCCH+3H2 → 2CH4 F2+H2 → 2FH
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Performance of ACFD methods I

Test set with reaction barriers

F− + CH3F → FCH3 + F−
F− · · ·CH3F → FCH3 · · ·F−

Cl− + CH3Cl → ClCH3 + Cl−
Cl− · · ·CH3Cl → ClCH3 · · ·Cl−
F− + CH3Cl → FCH3 + Cl−
FCH3 + Cl− → F− + CH3Cl
F− · · ·CH3Cl → FCH3 · · ·Cl−
FCH3 · · ·Cl− → F− · · ·CH3Cl

OH− + CH3F → HOCH3 + F−
HOCH3 + F− → OH−+ CH3F

HNC → HCN
HCN → HNC

RMS of test set for reaction barriers
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0.1 eV = 2.30 kcal/mol
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Performance of ACFD methods II

Dimerization energies from A24 test set of non-covalent bound dimers
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0.01 eV = 0.23 kcal/mol
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Parameters in PSA

Ec = −1
2π

∞∫
0

dω
1∫

0

dαTr
{[

(−X0) 1
2 U
(
[g(ατ )]−1+ 1

)
UT(−X0) 1

2

]
FH

}
g(ατ ) = −1− ατ − β2(ατ )2 − β3(ατ )3 − β4(ατ )4 . . .

Disadvantages of fitting parameters β2, β3, β4 of truncated PSA with training set
of molecular reactions

reliable only if |τ | not too large
choice of training set somewhat arbitrary
error cancellations because non-self-consistent vxc

influence of technical issues (e.g. basis sets)
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PSA for homogeneous electron gas
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For molecules in ground state geometries typically −0.3 < τ < 3
For HEG at rs = 100 : −10 < τ < 1.4 · 107, at rs = 2000 : −200 < τ < 2.8 · 108

Taylor series −1− ατ − β2(ατ)2 − β3(ατ)3 − β4(ατ)4 up to fourth order cannot
work for HEG
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PSA up to infinite order I

g(ατ ) = −1− ατ − β2(ατ )2 − β3(ατ )3 − β4(ατ )4 . . .

g(ατ ) as linear combination of Gaussian functions,
optimized for H2 and HEG with 200 ≤ rs ≤ 1000
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PSA up to infinite order I

g(ατ ) = −1− ατ − β2(ατ )2 − β3(ατ )3 − β4(ατ )4 . . .

g(ατ ) as linear combination of Gaussian functions,
optimized for H2 and HEG with 200 ≤ rs ≤ 1000
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PSA up to infinite order II

g(ατ ) = −1− ατ − β2(ατ )2 − β3(ατ )3 − β4(ατ )4 . . .
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PSA up to infinite order III

g(ατ ) = −1− ατ − β2(ατ )2 − β3(ατ )3 − β4(ατ )4 . . .
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PSA up to infinite order IV

Training/test set with reaction
energies

t-HONO → c-HONO
HCN → HNC
HNCO → HOCN
HNCO → HONC
HNCO → HCNO
HOCN → HONC
HOCN → HCNO
HCNO → HONC
H2CO → t-HCOH
HCCH → H2CC
t-N2H2 → c-N2H2
CO+H2 → H2CO
H2O+F2 → HOF+FH
N2+3H2 → 2NH3
t-N2H2 → N2+H2
HCCH+H2 → C2H4
CO2+4H2 → CH4+2H2O
H2CO+2H2 → CH4+H2O
CO+3H2 → CH4+H2O
CO+H2O2 → H2O+CO2
HCN+3H2 → CH4+NH3
H2O2+H2 → 2H2O
HCCH+3H2 → 2CH4
F2+H2 → 2FH
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Summary

ACFD[Hx+c̃] methods combine accuracy at equilibrium geometries with a
correct description of dissociation (static correlation) and a highly accurate
treatment of VdW interactions

ACFD[Hx] and ACFD[Hx+c̃] methods are self-interaction free

Power series approximation for correlation kernel in ACFD[Hx+c̃] methods
removes singularities in ACFD frequency integration

New areas of application for DFT: highly accurate electronic structure calculations
which so far were the realm of CC and multi-reference methods
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